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Abstract. This paper compares the per-
formance of several evolutionary algorithms
for solving the combinatorial optimization
problem known as the ”"minimum tardy
task problem”. A generational, a steady-
state, and a cellular genetic algorithm, plus
a new ant colony optimization approach
to this problem are evaluated on differ-
ent instances of the problem. The algo-
rithms have all reported high quality re-
sults although no problem-specific changes
of the three first evolutionary algorithms
were made other than in the fitness func-
tion. Despite the high quality results of
the genetic algorithms, the ant algorithm
worked out the faster, more stable, and
better scalable results. We show in this pa-
per that optimum results can be got with
basic techniques that are only sampling a
tiny fraction of the search space.

keywords: evolutionary algorithms, ant systems,
combinatorial optimization, decentralized selection
models.

1 Introduction

Complex problem solving usually means dealing with
unknown or non-existent computationally tractable
solutions ([4] and [10]). In the past few years, sev-
eral researchers used algorithms based on the model
of organic evolution as an attempt to solve hard op-
timization and adaptation problems [6]. Due to their
representation scheme for search points, Genetic Al-
gorithms (GA) [5] are the most promising and eas-
ily applicable representatives of evolutionary algo-
rithms for the problems discussed in this paper. In
addition, a relatively recent search paradigm known
as ant colony approach [15] is producing excellent
results in different areas, thus we are interested in
considering it in our study.

Our aim in this paper is to present algorithms
representing different branches of the evolutionary
computation domain to test their relative efficiency
and efficacy on a scheduling class of problems: the
minimum tardy task problem (“mttp”). The contri-
bution of this work is two-fold. First, a performance
comparison between well known families of evolu-
tionary algorithms for solving a combinatorial opti-
mization problem is made. These algorithms are: the
generational genetic algorithm (genGA), the steady-
state genetic algorithm (ssGA) [11], the cellular ge-
netic algorithm (¢GA) [9], and the ant colony algo-
rithm for subset problems (ACAsp) [16,17]. Second,
the paper reports the improvement achieved on al-
ready known results for similar problem instances,
and enlarges considerably the size of instances that
can be solved to the optimum by consuming really
modest computational resources.

The outline of the paper is as follows: Section 2
presents an overview of the working principles of
genetic algorithms and ant colony algorithms. Sec-
tion 3 presents the minimum tardy task problem.
The encoding, the fitness function, and other spe-
cific problem-solving information is explained in this
section. The experimental results for each problem
instance are described in Section 4. The paper ends
by summarizing our findings in Section 5.

2 The Evolutionary Algorithms

Genetic Algorithms (GAs) initially developed by
Holland in the sixties, are guided random search
algorithms based on the model of biological evolu-
tion (see e.g. [5,6]). Consequently, the field of Evo-
lutionary Computation (EC), of which genetic algo-
rithms is part, has borrowed much of its terminology
from biology. These algorithms rely on the collective
learning process within a population of individuals,
each of which represents a search point in the space
of potential solutions for a given optimization prob-
lem (objective function). The population evolves to-



wards increasingly better regions of the search space
by means of randomized processes of selection, mu-
tation, and recombination. The selection mechanism
favors individuals of better objective function value
to reproduce more often than worse ones when a new
population is formed. Recombination allows for the
mixing of parental information when this is passed to
their descendants, and mutation introduces innova-
tion into the population. Usually, the initial popula-
tion is randomly initialized and the evolution process
is stopped after a predefined number of iterations.

The ant colony optimization technique (Dorigo et
al. [15]) as a new meta-heuristic for hard combina-
torial optimization problems. Ant algorithms, that
is, instances of the ant colony optimization meta-
heuristic, are basically a multi-agent system where
low level interactions between single agents (called
artificial ants) result in a complex behavior of the
whole system. Ant algorithms have been inspired by
colonies of real ants, which deposit a chemical sub-
stance (called pheromone) on the ground. This sub-
stance influences the choices they make: the larger
the amount of pheromone on a particular path, the
larger the probability that an ant selects the path.
Artificial ants, in ant algorithms, are stochastic con-
struction procedures that probabilistically build a
solution by iteratively adding solutions components
to partial solutions by taking into account (i) heuris-
tic information on the problem instances being solved,
if available, and (ii) pheromone trails which change
dynamically at run-time to reflect the acquired search
experience.

For this paper, we developed and implemented
three genetic algorithms and an ant colony algo-
rithm. The GAs under study include generational,
steady-state, and cellular genetic algorithms. The
first two are sub-classes of panmictic algorithms, the
latter one is a sub-class of structured EAs. Panmic-
tic algorithms consider all the population as a mat-
ing pool for selecting individuals for reproduction,
while structured EAs define some kind of neighbor-
hood for each individual, and restrict reproduction
to mates selected from its neighborhood. The reader
is referred to [2] for more details on panmictic and
structured genetic algorithms. The ACAsp presented
here is basically an Ant System which combines some
features taken from other ant algorithms.

2.1 Genetic Algorithms

In this section we describe briefly our three basic
GAs. Our genGA, like most GAs described in the lit-
erature, is generational, i.e., at each generation, the
new population consists entirely of offspring formed

by parents in the previous generation (although some
of these offspring may be identical to their parents).

In steady-state selection [11], only a few individ-
uals are replaced in each generation. With ssGA, the
least fit individual is replaced by the offspring result-
ing from crossover and mutation of the fittest indi-
viduals. The ssGA selects two parents, recombines
their contents to create one single offspring, applies
mutation, and inserts the result back into the popu-
lation for the next iteration step. Often, ssGA con-
verges to an optimum faster than genGA (although
in some cases it converges to a local optimum).

Finally, the ¢cGA population is structured in a
toroidal 2D grid and the neighborhood defined on it
always contains 5 strings: the one under considera-
tion and its north, east, west, and south neighboring
strings. The grid used in our tests is a 7 x 7 square.
Different parameters for the grid are discussed in [3].
Fitness proportional selection is used in the neigh-
borhood along with the one—point crossover opera-
tor. The latter yields only one child: the one having
the larger portion of the best parent. Since a string
belongs to several neighborhoods, any change in its
contents affects its neighbors in a smooth manner,
representing an appropriate tradeoff between a con-
vergence and a wide exploration of the search space.

2.2 Ant Colony Algorithms

Early experiments with ant algorithms were con-
nected with ordering problems such as the Travel-
ing Salesperson Problem, the Quadratic Assignment
Problem, as well as the Job Shop Scheduling, Ve-
hicle Routing, Graph Coloring and Telecommunica-
tion Network Problem [15]. The Ant System (AS)
was the first example of an ant colony optimization
algorithm to be proposed in the literature. However,
AS was not competitive with state-of-the-art algo-
rithms for TSP, the problem to which the original
AS was applied. There exist several improvements to
the original version of AS, much of them applied to
the TSP. The more important improvements are: AS
with an elitist strategy for updating the pheromone
trail levels, AS;qnk (a rank-based version of Ant Sys-
tem), MAX-MIN Ant System (MMAS), and the
Ant Colony System (ACS). A detailed description of
these versions can be found in [18].

More recently, promising results were reported
in [16,17] from the application of a new version of
an Ant System to the Multiple Knapsack and Max-
imum Independent Set Problems, two examples of
subset problems with constraints, for which an ant
colony algorithm was first applied. This paper aims



to go further in this direction in order to evaluate
the robustness and feasibility of applying an ant al-
gorithm to a different subset problem, the minimum
tardy task problem, according to the general concept
behind an ant colony optimization meta-heuristic.
Our ant colony algorithm for subset problems, called
ACAsp, works as follows: In each cycle of the algo-
rithm m ants are released to build a new solution
from the empty set and all problem components be-
ing feasible. Each new component is selected step by
step from the set of allowed componments and incor-
porated to the solution under construction. At the
same time, the set of allowed components is updated
in order to eliminate all components that became in-
feasible after a new component, says ¢ is added to the
solution. Before finishing the cycle, the pheromone
trail levels are updated accordingly.

3 The Minimum Tardy Task
Problem

The minimum tardy task problem is a NP-Complete
task-scheduling problem [4]. The following is a for-
mal definition of the minimum tardy task problem [10]:

Problem instance:

Tasks: 1 2 ... n , i >0
Lengths: ll l2 . ln , lz > 0
Deadlines: dy do ... d, , di > 0
Weights:  w; we ... w, , w; > 0

Feasible solution: A one-to-one scheduling func-
tion g definedon S C T, g: S — ZTU{0} that
satisfies the following conditions for all ¢,j € S:

1. If g(i) < g(j) then g(i) +I; < g(j) which
insures that a task is not scheduled before
the completion of an earlier scheduled one.

2. g(4) +1; < d; which ensures that a task is
completed within its deadline.

Objective function: The tardy task weight
W =3 ;cr_g Wi, which is the sum of the weights
of unscheduled tasks.

Optimal solution: The schedule S with the mini-
mum tardy task weight W.

A subset S of T is feasible if and only if the tasks
in S can be scheduled in increasing order by dead-
line without violating any deadline [10]. If the tasks
are not in that order, one needs to perform a poly-
nomially executable preprocessing step in which the
tasks are ordered in increasing order of deadlines,
and renamed such that d; < ds < ---<d,.

The following example is from [8].

Example: Consider the following problem instance
of the minimum tardy task problem:
Tasks: 1 2 3 4 5 6 7 8
Lengths: 2 4 1 7 4 3 5 2
Deadlines: 3 5 6 8 10 15 16 20
Weights: 15 20 16 19 10 25 17 18

a) S ={1,3,5,6}is afeasible solution and the sched-
ule is given by: g(1) = 0, ¢(3) = 2, ¢(5) =
3 and ¢g(6) = 7. The objective function value
amounts to ) ;g W; = W2 + wq + wr + ws.

b) S’ = {2,3,4,6,8}is infeasible. We define g(2) =
0, and task 2 finishes at time 0+ I = 4 which is
within its deadline ds = 5. We schedule tasks 3
at 4, i.e. g(3) = 4, which finishes at g(3) +13 =5
which is within its deadline d3 = 6. But task 4
cannot be scheduled since g(4) +1s =5+7 =12
and will thus finish after its deadline ds = 8.

For our experiments, we use three problem in-
stances: “mttp20” (20 tasks), “mttp100” (100 tasks)
and “mttp200” (200 tasks). The first problem in-
stance can be found in [8]. The second and third
problem instances were generated as follows. First,
the problem instance of very small size n5 is con-
structed.

Tasks: 1 2345
Lengths: 3 6 9 1215
Deadlines: 5 1015 20 25
Weights: 6040 7 3 50

This problem instance can be used to construct
problem instances for any arbitrarily large number of
tasks n where n = 5xt (t > 1). We now describe how
to construct a minimum tardy task problem instance
of size n = 5 x t from the 5-task model. The first five
tasks of the large problem are identical to the 5-
model problem instance. The length [;, deadline d;,
and weight w; of the jt* task, for j = 1,2,...,n, is
given by: lj = li, dj = dz +24-m and

o Jw if j =3mod5 or j =4mod5
Wi = (m + 1) - w; otherwise ,

where j = ¢ mod 5 for ¢ = 1,2,3,4,5 and m =
[(j —1)/5]. As can be seen, the 5-task model is re-
peated ¢ times with no alterations in the task lengths.
The weights and deadlines are scaled to force an op-
timum schedule represented by the bit string 11001
repeated t times. By leaving tasks j unscheduled,
where j = 3mod 5 or j = 4mod 5, we get a fitness of
(7 + 3) - t. In other words, the tardy task weight for
the globally optimal solution of this problem is 2 -n.

The experiments on this scheduling problem are
performed with different instances. The first prob-
lem instance is of moderate size, but nevertheless, is



a challenging exercise for any heuristic. In the ab-
sence of test problems of significantly large sizes,
we proceed by using the explained scalable instance
generator for deriving instances of arbitrary sizes,
and more importantly, whose optimal solution can
be pre-computed. This allows us to compare our re-
sults to the optimum solution, as well as to the ex-
isting best solution (using genetic algorithms).

3.1 Solving “mttp” with Genetic
Algorithms

A schedule S can be represented by a vector x =
(z1,%2,...,2,) where z; € {0,1}. The presence of
task ¢ in S means that x; = 1, while its absence
is represented by a value of zero in the i** compo-
nent of x. In order to apply a genetic algorithm, we
use the fitness function described in [8] which allows
infeasible strings and uses a graded penalty term.
As expected, significant portions of the search space
of some of the problem instances we tackle are in-
feasible regions. Rather than ignoring the infeasible
regions, and concentrating only on feasible ones, we
do allow infeasibly bred strings to join the popu-
lation, but for a certain price. A penalty term in-
corporated in the fitness function is activated, thus
reducing the infeasible string’s strength relative to
the other strings in the population. The fitness func-
tion uses Y i, w; as offset term, to make sure that
no infeasible string has a better fitness value than a
feasible one.

In essence, the fitness function to be minimized
for the tardy task problem is given by:

fa@) =20 jwi-(I—z)+(1—s8)- >0, w
+ X wizi - 1g+ (li 50 Lz - di)

z; schedulable
(1)
The third term keeps checking the string to see
whether a task could have been scheduled or not,
as explained earlier. It makes use of the indicator
function:

lifte A
0 otherwise

140 = { 2)

Also note that s = 1 when x is feasible, and s = 0
when x is infeasible.

3.2 Solving “mttp” with Ant Colony
Algorithms

The ACAsp for “mttp” is basically an Ant System
including the main features of a MMAS and an eli-
tist strategy. This algorithm is very similar to that

ant algorithms presented in [16,17] for the Maxi-
mum Independent Set and Multiple Knapsack prob-
lems, respectively. The main difference is in the lo-
cal heuristic which is formulated here as n; = w;/l;,
i.e., the rate between the weight associated to task ¢
divided by its respective duration [;. Therefore, the
bigger the value of 7);, the more preference is assigned
to task 7 to be part of the solution under construc-
tion. It is also important to note that the heuristic
(n) and trail (7) values are both involved in the prob-
ability distribution used for selecting the tasks to be
included in the solution in each cycle of the ant al-
gorithm. Each time that a new component is added
to the solution under construction, the ACAsp elimi-
nates the set of tasks that are not longer schedulable.
Thus, ACAsp only builds feasible solutions.

4 Experimental Runs

We now proceed to discuss the parameters of our ex-
periments. We performed a total of 100 experimental
runs for each of the problem instances and each of
the algorithms.

For the GAs, whenever no parameter setting is
explicitly stated, all experiments reported here are
performed with a standard parameter setting: popu-
lation size p = 50, one-point crossover, crossover rate
pe = 0.6, bit-flip mutation, mutation rate p,, = 1/n
(where n is the string length), and proportional se-
lection. These were the settings used with the same
problem instances reported in [8]. For the ACAsp, all
experiments reported here are performed with the
following parameter setting: colony size 5, a = 1,
B8 =3, p=0.5, and 50 cycles.

What follows is the convention used to present
the results of the experimental runs. For each prob-
lem instance, we present one table with the results
of our EAs. The first column for each evolutionary
algorithm gives the best fitness value encountered
during the 100 runs. The second column for each
evolutionary algorithm records the number of times
each one of these values is attained during the 100
runs. The values given in the first row of the table
are the average number of evaluations it took to ob-
tain the maximum value. The first value recorded
under f(z) is the globally optimal solution. For ex-
ample, Table 1 reports that genGA obtained the
global optimal (whose value is 41) 73 times out of
the 100 runs. The table also indicates that the op-
timum value was obtained after 2174.7 evaluations
when averaged over the 100 runs.

Let us now proceed to analyze the results for the
minimum tardy task problem starting with the ge-



Table 1. Overall best results of all experimental runs
performed for “mttp20”.

ssGA genGA cGA
avg = 871.4 || avg = 2174.7 || avg = 7064.2

f@] N [f@] N [f=] N |

41 86 41 73 41 23
46 10 46 11 46 7
51 4 49 8 49 9
51 3 51 9
56 1 53 6
57 1 54 1
61 1 56 12
65 2 > 57 33

Table 2. Overall best results of all experimental runs
performed for “mttp100”.

ssGA genGA cGA
avg = 43442 || avg = 45426 || avg = 15390
@] N [[f@] N | f@) [ N |
200 78 200 98 200 18
243 4 243 2 243 18
326 1 276 2
329 17 293 6
316 1
326 1
329 37
379 9
> 429 | 8

Table 3. Overall best results of all experimental runs
performed for “mttp200”.

ssGA genGA cGA
avg = 288261.7 || avg = 83812.2 || avg = 282507.3
@] N [f@] N [f=] N |
400 18 400 82 400 6
443 8 443 9 443 7
476 2 476 2 493 1
493 1 493 2 529 34
516 1 496 1 543 1
529 42 529 3 579 10
579 3 629 1 602 1
602 1 629 8
665 23 665 17
715 1 > 679 15

netic algorithms. While ssGA outperforms the two
other heuristics for the 20-task problem instance,
genGA gives much better results for the 100-task
and 200-task problems. For “mttp20”, the local op-
timum of 46 differs from the global one by a Ham-
ming distance of three. Compared to the results of [8]
for “mttp20”, ssGA performs much better, genGA is
comparable, while cGA’s performance is worse. For

“mttp200”, genGA is a clear winner among the three
genetic algorithms. This problem instance was not
attempted by [8].

Similarly, Table 4 shows the results obtained from
the application of the ACAsp to several instances
of "mttp”. The convention used in this table is as
follows: the first column represents the size of the
instance tested, the second column shows the objec-
tive value of the globally optimal solution, the third
column represents the number of times each value is
achieved out of 100 runs, and the last column shows
the average number of evaluations to obtain the best
solution. This number is actually an upper bound
on the number of evaluations which is obtained as
m x be x n, where m is the number of ants in the
colony (population size), bc is the average number
of cycles used the get the best value, and n is the
size of the problem. The number n is also included
in the upper bound since each ant proceeds step by
step in order to build a feasible solution. In each
step of the construction process a new component is
added, thus at most n components can be included
in a solution in each cycle by each ant. Then, for
each component added to the solution, an evalua-
tion takes place in the ant algorithm. For example,
the table shows for the instance of size 200 that the
optimum value was obtained after 1000.00 evalua-
tion when averaged over the 100 runs.

Clearly the ACAsp found the optimal value for
all instances tested in each run. Is worth remarking
that the ant algorithm was tested on larger instances
of “mttp” when compared against the sizes of the in-
stances tested by applying the GAs. Thus, instances
of size 400, 800, 1200, 2000, 5000, and 10000 were
solved optimally showing the scalability and good
performance of the ant algorithm.

The ACAsp outperformed the GAs on the in-
stances of size 20, 100, and 200. For the instances
of larger sizes, ACAsp also showed a similar perfor-
mance as for the smaller instances in regards of the
quality of the results and the low number of evalua-
tions needed to get the best values. For the GAs it is
difficult and costly to solve the larger instances of the
problem; we are performing more research on their
scalability, and even plan their extension in the form
of a parallel distributed fashion (multi-populations).
However, it is very unlikely that their canonical be-
havior could compete with ACAsp in computational
effort (number of evaluations); we should need to
include some problem-specific operators to increase
their efficiency on the "mttp” problem class.



Table 4. Overall best results of all experimental
runs performed for “mttp20”, “mttpl00”, “mttp200”,
“mttp400”, “mttp800”, “mttpl12000”, “mttp2000”,
“mttp5000”, and “mttp10000”.

ACAsp

Size | fopt | N | avg
20 41 | 100 100.00
100 200 | 100 510.00
200 400 | 100 1000,00
400 800 | 100 2100.00
800 | 1600 | 100 4840.00
1200 | 2400 | 100 8040.00
2000 | 4000 | 100 16100.00
5000 | 10000 | 100 | 132750.00
10000 | 20000 | 100 | 364000.00

5 Concluding Remarks and Future
Work

This paper explores the applications of evolutionary
algorithms for a combinatorial problem in the do-
main of task scheduling. Three genetic algorithms
and an ant colony algorithm were faced to instances
of increasing difficulty. Overall, our findings confirm
the strong potentiality of genetic algorithms for find-
ing globally optimal solutions with high probability
in reasonable time, even in the case of hard mul-
timodal optimization tasks when a number of inde-
pendent runs is performed. However, it is mandatory
noting that the ant colony algorithm offered very ef-
ficient results, clearly above the efficiency of the best
of the genetic algorithms.

Because of the promising results of the ant colony
algorithm in this kind of problems, we plan to study
its fundamentals to find whether it is possible to in-
clude them inside other evolutionary algorithms. Be-
sides, we will conduct further research on other simi-
lar problems to assess whether the efficient behavior
of the ant colony meta-heuristic holds.
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