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Abstract

We obtained an analytical expression for the computational complexity of many
layered committee machines with a finite number of hidden layers (L < 00)
using the generalization complexity measure introduced by Franco et al (2006)
IEEE Trans. Neural Netw. 17 578. Although our result is valid in the large-size
limit and for an overlap synaptic matrix that is ultrametric, it provides a useful
tool for inferring the appropriate architecture a network must have to reproduce
an arbitrary realizable Boolean function.

PACS numbers: 89.70.Eg, 84.35.+i

(Some figures in this article are in colour only in the electronic version)

1. Introduction

In this paper we study the computational capabilities of a binary committee machine with an
ultrametric synaptic overlap matrix. In many first-approach studies involving neural networks,
the single-layered perceptron has been the preferred laboratory [2, 3]. Perceptrons are the most
fundamental networks and, as is expected, their computation capabilities are limited. The next
level in terms of architectural complexity is represented by networks with at least one hidden
layer and a fixed hidden-to-output relation. A network with an arbitrary number, K, of units
in its only hidden layer suffices to reproduce nontrivial scalar functions of N-dimensional
variables. Exact representation of Boolean functions requires at most K ~ O(2") units;
continuous functions can be approximated with arbitrary accuracy if the number, K, of units
is not constrained [4]. There is an extensive number of studies done on this type of network
[5-8], mostly in the area of learning theory [9-18] and applications [19-22]. In the present
paper we focus on quantifying the complexity of a binary committee machine, with no more
hidden-to-input units K than inputs N and with a finite number of hidden layers L. This
difficulty measure, or complexity, can be used to assess which network architecture is more
convenient to reproduce a given realizable Boolean function.
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Attempts to quantify the complexity of an object have given rise to many formal definitions
of complexity [23-27]. Recently Franco [1] proposed to quantify a function’s complexity
by the size of the minimal set of inputs needed to train a feed-forward network, with a
predetermined architecture, until reaching the zero prediction error. It was found that this
minimal set is mainly formed by pairs of inputs with different classification and so adjacent to
the classification boundary [28]. Further investigation showed that the average fraction of the
neighboring pairs with different classification (or average discrepancy) is correlated with the
generalization ability of the network implementing the function in such a way that the higher
the fraction, the larger the effort required to reach complete generalization. They naturally
concluded that the average discrepancy is a measure of how hard it is to reproduce the function’s
behavior [29].

The average discrepancy has been used successfully for inferring the architecture of
very simple machines. In [2] we used Franco’s complexity measure for inferring the dilution
coefficient in perceptrons: results that have been recently confirmed by other means [3]. To use
Franco’s complexity for inferring the suitable committee for reproducing a Boolean function,
we need to characterize both the Boolean functions to be mimicked and the committees to be
used. In section 2 we present the expression for the average discrepancy for the (L +2)-layered
committees. In section 3 we study some particular cases and finite-size dependences of the
expression found in section 2. In section 4 we outline the Boolean functions that can be
potentially described by the architectures explored in section 2. In the final section we discuss
our conclusions and further possible investigations.

2. Average discrepancy for ultrametric committees

Let us consider a committee machine with L hidden layers and K < N hidden-to-input units.
All units of all layers are binary. These links are implemented by synaptic vectors w € RY
(figure 1). The structure from the bottom-up is composed by one output unit connected to K,
units in the Lth hidden layer, each connected to K;_; units in the (L — 1) level. The total
number of units in the (L — 1) level is then K; K; _;. Each node has an activation variable that
is a function of the activation variables of the sub-tree with a root at the node. Connections
from units at the £th hidden layer to units at the (¢ + 1) layer are all set to one. To single out
the variables of the £th layer we will use the notation k, = [k, k;—1, ..., k¢] = Ke+1k¢, which
runs over all hidden units of the £th layer. Thus

Ky
o (S) = sgn (Z oL, (S)) (la)

k=1
K-y

or,S) =sgn | D owr,(S) (1b)
keo1=1

wi S
ok, (S) = sgn Nl b (1c)

where wy, € SV is the synaptic vector of the k;th unit, w' is the transpose of the vector
wand S € {£1}". SV is the surface of the N-hypersphere of radius /N and {£1}" is the
N-hypercube centered at 0. The committee has been constructed by drawing vectors from a

suitable distribution over SV such that

WLWk’l - - - -
[Qlx, .k, = N = Sk, (1= &) + -+ + 8k, (-1 — CL) + Cu, )
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L (3) hidden layers

Figure 1. Typical feed-forward network architecture studied in this paper. This committee has
L = 3 hidden layers with synaptic overlaps in the first hidden-to-input layer. All the synaptic
weights linking hidden-to-hidden and hidden-to-output units are set to one. Observe that the
highlighted synaptic vector wy » 1 corresponds to the output of the input layer path k; = (2, 2, 1),
i.e. the second unit of the third hidden layer, second unit second hidden layer, first unit first hidden
layer.

where Z; is the overlap between synaptic vectors belonging to units that have a common root
in the ¢th hidden layer (see figure 1) and dk,k, = Han=e Sk, and &;; = 1ifand only if i = j
and zero otherwise. The structure of this matrix is block diagonal and resembles the matrices
used to represent inter-replica interactions [30].

We suppose that the elements of the overlap matrix have a natural scaling relationship
with the size of the system. The argument that gives support to this conjecture runs as
follows: suppose we want to draw K < N vectors from a uniform distribution over S", with
the constraint that for any pair of vectors w; and w; it is satisfied that w;w; = N cos(a)
for all i # j and fixed «. The first vector w; drawn can be any vector on the surface
of the sphere. The second vector w, is one of the vectors located on the hyper-ring with
center in w; and radius VN sin(er). Thus the probability P(w,|w;) has to be proportional
to the volume of this hyper-ring, i.e. P(wa|w;) o sin¥ ~2(a). The third vector ws has
to sustain the same angle with the other two vectors; therefore, the probability has to
have a second factor such that P(w3|w;, w2)P(wa|w;) o sin¥%(a) sin¥ 3(a). After
drawing K vectors we have that the probability of the set of vectors is P(Wg Wy, ..., Wx_])
PWg_1|Wi, ..., Wk_2)...P(Walw;) o sin¥2(a) sin¥ 3(a) . ..sin" ¥ (). The expected
overlap is then

I . r <2 + z)
Jo* dor cos(er) sin® (o) _ 2
foﬂ/z de sin?(a) N3 r <3i)

2
2 ~1
~ [ —+0(E),
Tz

(overlap) =
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with an asymptotic variance of

T =2 ~1
var(overlap) ~ +0(z7),

wherez =N -2+ N—-3+---+ N—K = }(K = 1)[2N — K —2].1f | > k = K /N then

(overlap) ~ |~ 1 _ & )
overlap T OK K

where {; ~ O(1). Let us suppose now that from the K = K K, vectors we make K, groups of
K, vectors each, in such a way that the inter-group and extra-group overlaps are fixed to ¢; and
Z, respectively. We have proven that the inter-group overlap must scale with the inverse of the
group size, i.e. Z; = ¢;/ K and we know that there are a total of K| K, inter-group overlaps and
K K, (K| K, — 1) /2 extra-group vector overlaps. A crude estimate of the average overlap is

then
K1K2+1 - Kle {1 K1K2 ~
v = (M57) 1)+ (5572

~ &+ 0(1/K{K>)
and, according to (3), we must have 52 ~ O(1/KK>).
If the above argument is iterated L times we recover the matrix defined in (2) with elements
satisfying the scaling relationship:

~ e
b= ———, 4)
Hj:l K}
where 7; ~ O(1) and [[}_, K; = K.
Observe that the matrix Q has the following properties.
(1) Q is symmetric, i.e. [Qli, k, = [Ql, x, for all paths k; and k.
(ii) Q only has non-negative entries, i.e. [Q]kl,k’l > 0 for all paths k; and kj.
(i) [Qly, k= min {[Q ki [Qlig k } for all paths k;, k) and k.
(iv) 1 =[Qly, x, = max {[Qly, x, ¥ k #ki}.
Therefore, the matrix Q is ultrametric. Given that the overlap matrix Q is ultrametric we
dubbed these networks ultrametric committee machines.
The average discrepancy [1, 2] is deﬁned as

W= Y PES) "(S)"(S),
S, S {1}V

where S and §' differ in exactly P entries. We assume that the components of the input vector
S are i.i.d. variables, therefore P(S) = ]_[Q/:, P(Se) and P(S =1) = P(S = —1) = 5
The input vector S’ is constructed by flipping P entries randomly chosen from S. Thus

—1
PE'IS) = () Sv-ss.2p

Following the developments of appendix A and considering the large system-size limit
P,K < N — oo with p = P/N fixed, and by defining

Gi(p)=1-— ;arccos(l —2p)

2\ YA
WE(;> e 1+;<;) ¢j )

2
Geri(p) = 1 = —arccos (1 = y)Ge(p) + ye(1 = 2p))
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Figure 2. Discrepancy as a function of p for tree committee machines with L =0, ..., 6 hidden
layers, as obtained by applying (6).
we obtain the following expression:
1
2p, Q) = - arccos (I =y)Gr(p) +y(1=2p)). (6)
3. Particular cases and finite-size dependences
If we have that ¢, = Oforall ¢ =1, ..., L, the matrix Q is the identity and the committee has

a perfect tree structure. Let us introduce the notation

LA ) = 11 o f(x),
where f o g(x) = f(g(x)). Therefore, if we define ¥ (p) = arccos(l — 2p)/m, then

op, D =[¥1*(p)

in agreement with [31] and references therein. Examples of curves obtained by applying (6)
for tree committee machines are given in figure 2.

If the overlap of the £yth layer is too large, i.e. limg, e K gy =00 (]_[ﬁ“zl Kg)fgo diverges, we
have that

@) all+ X () o] ve<t
Ye=1311 = KO
0 otherwise

which immediately implies that
lim 2(p, Q) = Y 1"~ (p).
Loy To0

Therefore, a too large an overlap reduces the computational capabilities of the network by
effectively deleting the first £y hidden layers.
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Equation (6) is valid in the limit P, K < N — ookeeping P/N = p fixed. Itis important
to note that none of the ratios K; /N are relevant to this formulation. Therefore, whatever the
path taken to increase the number of hidden units, the asymptotic value of the discrepancy is
always the same.

In order to check this statement we run a number of numerical experiments in networks
with L = 1, 2. Firstly we developed an algorithm for generating the set of synaptic vectors
satisfying the relationship (2) which has the following general form.

(i) Generate K = HZL:I K; orthonormal vectors characterized by a suitable set of indexes
ljis ... jr) € S (the Gram—Schmidt algorithm may be used), with 1 < j; < K; and where
S is a vector space over R with an inner product such that

L
Gioeendtlive gy =T [ 80
=1

where §; ; is the Kronecker’s delta (equal to 1 if j = k and zero otherwise).
(>ii) Define the block average vectors as

5

[es Jiets -+ JL) =

K, l Kl
Z.“«/_K_]ZUI,.“]L).
Ji=1 Ji=1
(iii) Define the synaptic vectors as

L
Wi, =W = VN |aolji, ... ju)+ Zal [ia1, Jie1s - ~-jL):| ,
I=1
where the real coefficients a;, 0 < [ < L are determined from the equations satisfying
the definition of the matrix Q (2).
In this application we have to solve the following equations for the coefficients:
~ 2610611 2
TR

1:21+a(2)

for L =1 and
- 2apa; 2aia, 2

o= +——=+a
VKK JE°

E E + 2610(1] + )
= a
R

1:51+a(2)

for L = 2.

By constructing networks like the one depicted in figure 1 with output o given by (la)
and synaptic vectors chosen according to the algorithm described, we estimate the average
discrepancy by computing

1 L 1-6(S,)0(S,)
(N) ~ m m
aP["]“MZ 2

m=1

over M = 10* pairs of inputs (S,,, S,) differing in P ~ 0.03N bits. For L = 1 we worked
with networks having K = N = 279, 465, 651 and 837 and overlap ¢; = 1. The results
(empty circles) are ploted in figure 3(a). The error bars have been obtained by repeating the

6
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Figure 3. Finite-size dependences of the average discrepancy at p ~ 0.03, measured over M = 10"
pairs. For L = 1 we worked with networks sizes of K = N = 279, 465, 651 and 837 and overlap
¢1 = 1. The results (empty circles) are plotted in panel (a). The error bars have been obtained
by repeating the experiment ten times and computing the variance of the averages. All the results
obtained are indistinguishable with the value obtained by applying equation (6) with {; = 1 and
p = 0.03, represented as a full circle. For L = 2 we perform two experiments, panel (b). We
firstly considered networks with {1 = ¢ = 1 and K; = Kp = VN for N = 625, 729, 841
and 961. The results are represented by empty circles and the error bars were computed as in
the previous experiment. The second experiment was conducted with £; = ¢» = 1 and sizes of
25 =Ky < K1 =27,29and 31 and N = 729, 841 and 961 respectively (empty squares). Results
with equal N have been found to be indistinguishable. Moreover, a linear regression produces an
extrapolated value of the discrepancy of 0.260 = 0.004 that is indistinguishable to 0.2617, the one
obtained by applying (6) with {; = ¢, = 1 and p = 0.03 (full circle).

experiment ten times and computing the variance of the averages. All the results obtained are
indistinguishable with the value obtained by applying equation (6) with ¢; = 1 and p = 0.03,
represented as a full circle.

For L = 2 we perform two experiments, with sampling size of 10*. The first with
Gi=8G=1and K| =K, = VN for N = 625, 729, 841 and 961. The results are represented
by empty circles in figure 3(b). The error bars were computed as in the previous experiment.
The second experiment was conducted with {; = ¢, = 1 and 25 = K, < K| = 27, 29 and
31 and N = 729, 841 and 961 respectively (empty squares). Results with equal N have been
found indistinguishable. Moreover, a linear regression produces an extrapolated value of the
discrepancy of 0.260 =+ 0.004 that is indistinguishable to 0.2617, the one obtained by applying
(6) with ¢; = & = 1 and p = 0.03 (full circle).

4. Boolean functions with continuous discrepancies

In this section we will study the Boolean functions that can be implemented by the the networks
presented in figure 1. Expression (6) provides a family of curves that densely cover the set
of possible discrepancy values. It is clear from (15) that any function approached by these
networks must be odd, i.e. f(S) = —f(=S). It is also clear that (6) is continuous in p; thus,
we expect the discrepancy functional to be also continuous, i.e.

YOS P <ooand0 <& € R, ANy € N/[pWW[£1— 000 £1| < e. 7

7
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In order to analyze what type of functions satisfy (7) we will use the decomposition of a
function into an orthogonal basis set. The main development of this section is based on [32].
Let f and g : {£1}¥ — R. Consider the inner product defined by

1
(flg) =35 2 F(5)s(S)
(s}

and also consider the set of parity functions x(S) = l_[ke]l Si, wherel C [N]={1,2,...,N}.

Observe that
1
Oaba) = 55 Z l_[ Sk = 81,7,
(S} kelaJ

where IAJ =TUJ/INJ = {k € [N]|k € Ixork € J} and 1 = 1 if both sets are equal
(i.e.I ¢ Jand J C I) and zero otherwise. Given a Boolean function f : {#1}Y — {&1} we
define the Fourier amplitudes as fi = (f|xi1). It is straightforward to prove that 1 = > }‘Hz.
The Fourier spectrum of f is defined as the set

AS1={RIL S IND) )
By following the developments of appendix D and considering the definition
=) T ©)
I

where the sum is over all the sets of indexes [, with exactly r elements, we have that the
Fourier components of the function must satisfy the following condition:

N
1 .
. Lo b o/ —
VieN th N E_l oot r! = 0. (10)

Thus the functions that can be approached by committees like the one depicted in figure 1
must have a Fourier spectrum satisfying the conditions elicited by (10). Observe that the
functions not satisfying these conditions are those with Fourier components corresponding to
parity functions constructed using a macroscopic (i.e. O(N)) number of bits. Trivially, the
Jull parity machine x|y does not satisfy (10) and its discrepancy curve is, in the large N limit,
discontinuous everywhere.

Consider now the function TRIBE,, (S) which is defined by applying the AND function to
the output of n OR functions, which in turn are applied to n equal and disjoint segments of the
input vector S (see figure 4). Although the functions TRIBE, (S) are not odd, they satisfy (10)
(its Fourier spectrum is reported in [31]); they can easily be constructed from logical gates
and have also been used in studies of noise sensitivity [31, 33]. We are currently working on
developing methods for approximating TRIBE,, functions with ultrametric committees.

5. Conclusions

The most important result of this paper is expression (6). This is the expression of the
average discrepancy of a binary committee machine with L + 2 layers as a function of the
overlap parameters ¢y, ..., ¢r. It is clear that, for a fixed value of p = P/N, by varying
these parameters the committee’s average discrepancy may take any possible value between
the discrepancy of a simple perceptron, i.e. % arccos(l — 2p), and % Moreover, for a fixed
value of p, the larger the L and the smaller the overlap parameters, the larger the discrepancy.
This suggests that the smaller the overlap parameters for large networks, the larger the ability

of the committee to compute Boolean functions with a continuous discrepancy curve.

8
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Figure 4. Graphic representation of the function TRIBE3(S).

Most results in committee machines [14, 17, 18] are obtained with a finite number of
hidden units. In our case we consider the regime with both large number of input and hidden
units. Although the average discrepancy appears to be a quantity that develops finite-size
dependences, expression (6) represents a good approach even for the smallest system size
studied in this paper.

Also observe that the relative errors in our numerical calculations are of the order of 2%.
We intend to continue the study of these finite-size effects in order to obtain scaling laws
that may be useful for computing the properties of finite systems. These proposed studies
are limited by the number of hidden layers considered, given that the more hidden layers the
larger the number of parameters (K, ..., K;) we need to increment to infinity.
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Appendix A. Calculation of (6)

By using the definition (15) and the properties of the Heaviside function we can see that

K.
) (j: > o, (S))

kp=1

_ T];l Y e (j: i ka) ]K_[ O (w, 0%, (9))

Tx, =%l k=1 k=1

K. KL
= Z C) <:I: Z rkL> 1_[ O (0%, (S)).
{re}

k=1 k=1

B(£o (S))

where 7; = (71,..., Tg,) are binary variables used to represent the internal state of the
hidden units in the Lth layer and ) ) = Zr, e ZTK _.+1- Applying this identity again
L

9
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we obtain

Ki-1 Kii
O(Fo(8) = ZO (:l: Z Tkl) l_[ Z © Thy, Z The, k-1 l_[ ®(Tkl_akl‘—lo-kl‘~kll—l(S))’

kr=1 kp= l kp—1=1 kp—1=1

where 7']221 = (rkL.l, Thy 2y oo TkL,KH) is the set of binary variables used to represent the
state of the hidden units at the (L — 1) layer, with root at the k; unit in the Lth layer. If we use the
vectorial notation for the indexes, we can define the vector 7-'2‘_1 = (tk“l, T2 - - s Tk, K[_])
as the vector where the component ty, ,, represents the state of the mth unit at the (¢ — 1) layer
with root at the k,th unit in the £th layer. In this way we obtain that

Ky L— K.
O(Fo(S)) = 26 <:|: Z TkL> 1_[ 1_[ Z C Tk a1 Z Tk oo ke
kp=1 k=1 t= 1{ Ky Lt kp—e=1

Ki ¢
< ] ]_[o<rk,w"' ) (A.1)

kp_e=1k =1

We can represent the Heaviside function by using the Fourier transform of the delta function:
Ox) =/ dnd(n — x) =/ dn/ 2—eXP[—if7 (n—x)]= /D(n, 1) exp(ifx),
0 0 —oo 2T

where we have defined the notation [ D(x, %) = fooo dx ffooo dx exp(—ixX)/2m. Applying
these expressions we have that, by redistributing the products,

0o (S)) = / D (et Aze) Y exp (ilnL+1 )3 rkL)

{re} k=1
[ KL Ki-1
X / 1_[ D nkLs nkL :| l_[ Z exXp Z Ny They, Z Thr ki1
| k=1 k= l{ L—l} k=1 kp_1=1
< [\ TT2 00 ) | [ TT 2
| ki ki {7.'251}
Kp >
X exp iZf]kL,]ka,l Z Tki—1,kr—2
kp—i kp—2=1
X / HD (e i) l_[ Z exp Z Ik, Ty Z Thy ky
|k 1\ e k=1
w S
X / HD(nkl,ﬁkl) exp Zrlklfk] )
ki
K- K
where [],, = ﬂk,_l oo e and Yoy = Y0, 30 f,=1 Observe that

]_[kf ] 3 (e is the trace over all the internal representations at the Zth layer therefore, if we

(+ Vi

define the vector 7 such that [7], = 7k, we canre-write the trace as ) 5, =[]y, 2_ (ke
+ ¢

Equivalently, we can redefine the differentials such that D(n,, 7,) = [, D (ﬂkw f;kﬁ). Finally

10
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we want to remark that ) ik, T, 2,5 Ly Thke = Dk, Mk Thi T - With all things
considered and defining the variable 7,,, = 7741 = %1 according to the prefactor of the
argument, we can write

OO (S) = Y 8rppyt / D(UL+1,77L+1)H / D(n,. )

{tr41}
T

) A ] . w, S
X Z exp | i Z ke Thon T, | €Xp | 1 Z fik, Tk, T‘ . (A2)

{Te} ke ki N
As is presented in [2], we can define the sets of indexes [p such that for each set [ there
is a vector Sy, such that [Sy,]; = —S; Vi € Ip and S; otherwise. We can write the discrepancy

as

-1

D [0(~=0(8)0(0(Sy,)) + O (0 (8))O(—0 (Sp,))]

0" (Q = 55 Z( )
Ip
- Z( ) Y 20(~0($)O (0 (51,))
>

Ip

X 2

{tr+1, T}

51,*.,—15?,”,1/D(UL+1,7A’IL+1)/D(7’I/L+1»’A7/L+1)

X H/D(W, ﬂe)D(W» 776 Z eXp 12 nkmtkmsz +ﬁ;({+]?ki+]?k£)
ke

{Te,7e}
L2 (3) Do ik s i)
X — exp |1 — (k, T Nk, Tkl
N 1 1
2 SezZVN P Ip ki \/ﬁ l

Observing that w'Sy, = w'S =23 | w;S;, we can write

. — Wk Wk

_ a N 1, J 5 ]

KP.,N(UI’ S) =eXpy1 E (ﬂkl T, + ﬂklfkl) § \/— nk] kl § : s
k; j=1 jel,

where v; represents the set of variables in the first hidden and input layers.
The dependence on S can be eliminated by averaging over all possible inputs,

1 5=\ Wk, j
Z_NZKP,N('UlaS) = l_[ cos Z(ﬁk,fkl — e, Th) %

{S} jelp ki
Wk, . j
A N 1,]
X l_[ cos E (77k1 Tk, + nklfkl) _\/N
jelp ki
T
Wi, Wm,

1 , . .-
~exp| —5 > <(f7klrkl + e, Ty ) — (i, Ty + A, Ty )

k;,m,

Wk, jW i
N LMy, oy —
_4nlek]E N mTm |

Jj€lp

11
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for large enough N. By using definition (2) and the result of appendix B we have that in the
thermodynamic limit P < N — ooand P/N = p

, M '« 1
K,,(m)zKllNrgm(P) HZZ—N%@,NM,S)

= exp {——([7717'1] — (1 =2p) @D T — (1 = 2p)[A7T1])

—2p(1 — p)[ﬁﬁ]TQ[ﬁiFl]} : (A.3)

where [T 1]k, = ik, T, [T 11k, = 7y, Tk, -
By the use of the Hubbard—Stratonovitch identity, we can simplify this expression.
Observe that

exp | —— Z kal =/D$[CXP id)gZxk@vkl ,

ke \ ke k;

where ¢y = T—1 — Lo 1 = V1 =01, ¢ = Vi, Dx = dx exp(—x2/2)/+/2n and

Dz, = [, Dxx,. Therefore

L+1

1 i X
exp (—EUIQm) = exp <—¢—”11}1) / (H Dw@) exp (12 X, |
ki

where X{x,) = ZZ; ¢exk, and xi,,, = xr41. Given that we have two quadratic terms in the
exponential of (A.3) we will need two sets of integrals. Thus

o —

2
Kkp(V1) = exp {—45—21[([7717'1] + (1 =2p) AT D) ([T + (A = 2p) A7)

+4p(l — p)[ﬁiFl]T[ﬁ’lFl]]}

L+1
X / |:H DwgDm/e:| exp iZY[kz] (A, i, + (1 = 2p) Py Ty

=2 k,
. ~/ Al —
x exp | iy4p(l — p) Z X ko1, T
k;

We can integrate over D(n,, f,) and D(n}, 7))

L+1

/D(m,m)D(m, Drep(v1) —HwagDmKHf

xXH (Tkl (ﬂ(p)rkl n+ X[kz])) ’

where X|x,] = 7[k21/¢1, B(p) = —-2p)//4p(l — p) and H(x) = fxoo Dy is Gardner’s
error function.
Finally

1
= exp [ 3 (n— Tklx[kz])2:|

kp(v2) = Z expli([7), 721771 + [7,72] Tl)][D(U1»U1)D(U11 7))k (1)

{r1,71}

12
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L+1
_ HwawaEH{ Z exp (i, T, T + ifl}, Tk, T)

7,7=%1
1 :
x /0 x/2n_n exp [_E (n— TX[kz])z} (T (Bpren+ XEkZ]))}

and by using the identities

- 000 j”_ {exp[ ! = (n- X[kz])z} +exp [—% (n +X[kz])2“
orf (%) _ Ooo j_ {exp[ ! ~(n— X[kzl)z} —exp [—% (n+ X[kz])zn

and the definitions

B(p)(n+ X,1) + X
G* (X[kz], X ) / Dn sgn(r/ + X[kz]) erf ( ) L)) (A.4)
V2
_ , B(p) (n+ Xp)) + Xy,
G, (X1 Xigy)) = / Dnerf ( 5 4, (A.5)
we can define the function A, (v; X, X'), where v = {#}, 7, i)', T}
Ap(w; X, X)=R,y(v; X, X)) +il,(v; X, X')
R,(v; X, X') = cos(f)) cos(f)’) —  sin(#) T sin(#") g;(x, X" (A.6)
X
I,(v; X, X) = tsin(f) cos())erf (E) + cos()T sin(f/’)g;(X, X).
With this definition we have that
L+1
K
Kp(’Uz) = H/Dwﬂ)me 1_[ 'Ukz, X[kz], XEkzl)] l, (A7)

where vy, represents the set of variables fik,, fly,, Tk,» Tk,-
By using the kernel of expression (A.7) we can reconstruct the average discrepancy
component

o(p,Q) = 2/9(77“1, ﬁL+1)D(77/L+17 7A7L+1) / DXL+1Dx2+1

x > exp 1Y (Lot — 4Tk, /D(m,m)D(n'L,ﬁD/DxLDm'L

{ro. 7} k.
2
< [T D2 exp[ilfiemenl e+ [ Tenl 70 / D(n¢, 7D}, 7))

C=L—1{1¢,7¢}

/Dwﬂ)wz l_[ vkzv X1, XEkz])]K] :

Observe that the function A, (vkz; Xk, X {kz J) depends only on the variables described by the
path k; and does not depend on any interaction linking variables with different indices.

13
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In order to solve the problem analytically in the large number of hidden units regime, let
us define the operators U, forall £ =2,3,..., L +1

U, = Z exp(ifio+1Ter1Te + 1M, Ter1Te) / Dx(Dx, Klim D (n¢, 1e) D(n, 1)

{Te.Te} citee

U= ) byabe, f Dx1 DXy Jim / D (et ALt DYy ia)-
(T, TLa}

With these operators we can write
ap(Q) =2Ur4 [Ap('UL+1; X141, X2+1)]KL,

where

Aperrs Xevrs Xppp) = Ul Ay (v Xe, XI5, (A.8)
where v, represents the set of variables #,, 7}, 7, T, and X, = Z]L:é %"x ; (and equivalently
for X}).

The set of equations (A.8) with the iteration of order 1 given by (A.6) can be analytically
solved if the number of hidden units at each layer is large (i.e. in the limit of K, — oo for all
¢ =1,2,...,L). First of all let us define the variables

1
5 é‘( 2 _% ~
Xe=\Ceo1— =) xe+K,*Xen1
K,

~ 1
with X7, = g'z Xz+1 such that
L+1

Xg = Z %Xj

j=t

1
O\ 7 -t
- <1 - E) K, %,

1
_ & \? -1 _1
ZKg_ll/z |:<§e1—?> xe+ K, 2Xu1:|+0(([<1[<z1) 2),

¢
and
7= PXer Xe
N
Using the fact that the number of hidden units is large we can expand (A.4), (A.5) and the
error function; therefore,

GH(Xa, X5) ~ Gi(p) + O(K; ") (A.9)

G, (X2, X3) ~ erf(alf’zKl_%) + O(Kl_%) (A.10)

erf(X2> erf (o) X K’%) (A.11)
— | = o s .
\/i 1 A28

where Gi(p) =1 — %arccos(l —2p)and o) = 2. Before proceeding with the calculation,
let us express the real and imaginary parts of the function A , using these approximations, and
disregarding terms of O (K N 1)

R, (v2; X3, X3) = cos(fl2) cos(fy) — TaT2 sin(f2) sin(73)G1(p)
1,(v2; X, X3) = 1, sin(f) cos(fp)erf (a1 X2 K| ?) + T3 cos(fp) sin(fh)erf (o Y2 K ?);

14
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therefore,
Af(vy; Xa, X5) = [R (vz; X2, X5) +il,(va; X2, X915

K, — —k k ki rti r e o
- Z Z Z ( )( )( .>r2+" T (=G (X2, X)) (G, (X2, X))
k=0 r=0 j=0 J
N B o . K
x erf(a1 XK, 2)2 * c0s(f2) 175747 sin ()7 cos (%) K1 sin(#y)

thus,

o — _k k +hk—j—r+j
fD(nz,nz)Dmg,ﬁ;)AK(vz,xz, y-ZZZ ( )( )(.)rz””fzf

k=0 r=0 j=0 J
1
INNF — j v —3\k—
X (=G5 (X2, X)) (G, (X2, X)) erf (e X2 K, %)™

% / D, 12) cos(ia) ™47 sini)t

« / Dy, 7)) cos(i) 1~ sin(Ay)™, (A.12)

and in agreement with (C.4), (C.5) and (C.6) we have that there are four situations where the
integrals in (A.12) are not zero.

(i) k+r — j =r+j =0, which implies that k = r = j = 0. The correspondent term to the

series evaluates to i

(i) k+r — j =0and r + j # 0 is odd, which implies that r = 0, given that j < k. Thus
k = j is odd.

(iii) k +r — j # 0 is odd, and r + j = O which implies that r = j = 0, given that 0 < r, j
Thus £ is odd.

(iv) k+r — j #01is odd, and r + j # 0 is odd, which implies that k is even and » and j have
different parities.

The first term, with all the indexes equal to O is straightforwardly Ay = }1. The second

term has the indexes j = k = 2m + 1 and r = 0. Thus, using that K; = 2M + 1

M

- 2M + 1 1
M — _ = \2m+1 — 7 \\2m+1 M
AV (T2, 1) = E_O (Zm N 1>(1T2) G, (X2, X3)) >%m
7 M+ 1\ (M 2M — m)
2 m 2m+1
= E -1 X5, X
22M+2m 0( ) (2m+1)(m> (m)( M—m )(g (X2, X2))

where a is given by (C.6)

y i M\ 2m\ (2(M — m)
a, = ——— .
" 22M+1\ m M—m
By using (A.10) we can take the limit of K| — oo

~ ?2 M (éM:]l) (Zm) (2([\//\[4—7”)) 2 ~ 2m+1
— _ 2 _1ym _\2m m i
ATz, 1) =5 A?gon;( b 22M (Mo + 1y (ﬁalyz)

72 5 -1
7134 X:: @m+ Dm! (V E“1Y2> rom)

2erf( Za Y ) )
4

[\

S|

15
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Therefore, the integral over the Hubbard—Stratonovitch variables x, and x} is using the recursive
nature of X, and X). Therefore

- T -
/ DDA T, Fr) = 2ok (),

such that

</ (Y3) /D Dx,erf 1/—2 —~2 ~/2
le = x,Dx,er o
103 20Xy 1 T:32
2 Bx +x} 2201 ~ _1 2 ot2 Bx +x} 2
N/szDxé erf ,/—glon 2 2 )+ ’ 1Y3Kzzexp|:——g1 '—( 2 22)}
T /1 '32 T 4 1+,3

+ oK)
2 20 _ 1 3
~ 7 mYﬂ(z P+ 0(K,?)

~ erf(c¥3K, 7) + O(K; ).

20112
w=—7.
T+ 480

The third term is similar to the second. It is formed by the following contributions:

where

1

M oM+ st 1
Ao, %) =3 i) erf (o KoK 2)2" 0,
2 (12, X2) m=0<2m+1)(lfz) erf(oy X2K | ?) > m

and by expanding the error function, taking the limit of large M and integrating over x, and
x}, we arrive at

~ T ~
/szpxéz‘\z(fz, Xy) = ZO%(X3)’

F%(X3) ~ erf(ocz)?ﬂ(z_%) + O(KZ_%)

The last contribution involves terms with even values of k and non-zero, uneven values of r
and j. Therefore

M M-mm—1

- - 2M + 1\ [2(M — 1 2
AV (12, T2, X, Y2)=T2?2Z Z Z(—l)m< 2’; )( ( 2:1)+ ><2s’-1:1>

m=0 n=0 s=0
1

x aM g™ (G (X2 X)) erf(an KoK 2) " 727G, (X, X)) P

n+s “m+n—s—1
M M-m m

_ 2M 41 (2(M —m) + 1Y (2m
RO IDIDICL < 2m >< 2n+1 ><2s>

m=0 n=0 s=0
1

xayay., (G (Xa, Xp)"erf(a X2K | ?)

n+s - m+n—s

PG (X XD

In order to continue the development we introduce the following identity:

Ty =]l t=0 (A.13)
- yye= (2¢ — 1)!!  otherwise. '

16
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Therefore, for large values of M and using expansions (A.10) and (A.11) we have that the
leading terms in M are

(2M+ 1) (2(M —m)+ 1>aM<aM o erf(aleK )2m —25— l(gp_(XZs X/z))2x+l

m n n+sYm+n—s—1

1 1 2 2m—2s—1 2 2s+1
~__— | ZaX ¥ DyvD 2(m+n—s—1) _2(n+s)
o (2m)!(2n)!(ﬁa‘ 2) <ﬁ“' 2) / yee ‘
and

M+ 1 Z(M_m)-'_l 2m—2s _ / s
< 2m )( 2n+1 )aﬁ?a'ﬁ" serf(XoK ) (G, (X2, X3))?

! —] 2 1X2 e ialf’z zs/DyDZyz(mm_s)Zz(nﬂ)
271 2m)!2n + 1)! f ﬁ

so we can reconstruct the expression for A such that

— M M—m
o - 7Ty [ Dy Dz ~— (=)™ (yzG1(p)™
AM (1), Ty, Ry, ¥y) ~ — 22 | 2222
s Xy )= o [ =5 n; m)! ; 2n)!

m—1

- 2'm 2 B 2m—2s—1 o) . 2s+1
— X — Y.
: §(2s+1> (ﬁy"“ ) (ﬁwl )

Tzfz /Dy Dz ( ™ % Z ' (yzGi(p)) ¥+
(2m)' 2n+1)!

x Z( )( yalxz)zm ” <%za1172>zs+0(1(1_').

If M (K)) is large enough, the sums in n can be approximated by the hyperbolic cosine and
sine, respectively. Thus, in the limit,

A3(12, T2, X2, 1) = o v @m)!

2 . 2m—2s—1 2 . 2s5+1
X [— cosh(yzgwp))Z (2 . 1) (ﬁmez) <—nza1Yz)
) h g m m 2 X 2m—2s 2 . 2s
+ sinh(yz 1(p))§(zs> (ﬁyal 2) <ﬁwl 2)

which can be rearranged such that

T2T2 [ Dy Dz Z (=D"

772 [ Dy Dz 2000 - -
A3(12, T2, X2, 1) = el Bl |:6XP()’Z Gi1(p)) cos <—(yX2 - ZYz))
T y z JT
— exp(—yz Gi(p)) cos (%(yf(z +zl72))i| . (A.14)

The next step involves the integration of the Hubbard—Stratonovitch variables. Observe that
only even functions in such variables will survive the process. Aj; can be expressed as a

17
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linear combination of an odd and even functions in x, and x5. The even part is, disregarding
corrections of O (K, l),
'L'z?z Dy DZ

AN, Tp, KXo, Vo) > — | ——
4 y z

I 4t af Bz 40!z
x { exp(yzGi(p)) cos Ly - X | cos ! X}
n J1+ 8 m S4B

— exp(—yzGi(p)) cos ‘/490[12 P | cos Ao 2 o
p yzui(p - y \/W 2 = \/W )

which implies that

T - = - =
%0973()(3, 7 = /Dx2Dx;A3(r2, T3, X5, 1))

2
-~ 1 Dy Dz 20 0% z 2002 72
(X3, YV3) >~ — = exp | yzGi(p) — 1 __F _ 2 5
T y z V1+p82 T 1+p8

2 2 2 2
—exp —yzgl(p)—zflal (y+ ik )_2;1011 - +0(K,")

T /1+ B2 7 1+ p2
and by defining the variables u = ,/1+ %Qa%y and t = ,/1+ %glaf z, and using that
1—2p = B/y1+ B2 we have that

.. 2 Du Dt Gi(p) + g2 (1 =2
O%(X3,Y3)2—T2?2 —u—sinh l(p) ngi 1(2 p)ut +0(K2_1)
Vg u t 1+~ 6o

This integral can be solved by expanding the hyperbolic sine in power series and using (A.13)
backwards. Thus

J(b)

2 Du Dt .
— | — — sinh (but)
T u t

2 o b2j+1 ) 2
=23 o ([ 2w
m iz @i+ D!

e (O I DYLA L
b+ e 0

2

T =
2

=1 — — arccos(b).
b4

In the end we obtain
Gi(p) + 251i(1 —2p)
1+ %g“laf

- 2
o3 (X3, Y3) >~ 1 — — arccos (
T

)+o<f<;‘>

~ Gy(p)+ O(K;")
where
4tiof

"= b4 +4§1a12

2
G(p)=1- ;arCCOS((l —yDG1(p) +yi(1 =2p)).

18
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The last operation we have to perform is the trace over the activation variables, i.e.
Ap(v3i X3, X3) = Us[Ap(v2; Xa, XY
1 oA i — _ 5 =1 o 3 -
= Z Z exp(1n3t3rg + 17];‘53‘52)(1 + rgerf(a2Y3K2 “) + rgerf(ang.Kz 2) + Tzfggz(p))

{r2.72}
= R,(v3; X3, X}) +il,(v3; X3, X}),
where the real and imaginary part of the function A, are, disregarding terms of O(Kz_ ') and
O(K, %) respectively,
R, (v3; X3, X%) = cos(fj3) cos(fy) — 1373 sin(#)3) sin(73)G2(p)
1,(v3; X3, X5) =~ 13 5in(f)3) cos(ﬁg)erf(oczng;%) +T3c08(M3) sin(fyg)erf(azf@K;%).

The iteration that produces the functions of the variables at the (£ + 1) layer will have the
following parameters:

202 1/2)\¢! Loy
2 -1
e R 1+3°(2) ¢
% b +4Cg_]0(l%_1 2 (7’[) X_: (T[) é‘]
- () e (3)
= _(Z 1+3°(2) ¢ A5
Ve 402 - e ; - g ( )

2
Gen(p) =1— —arccos (1= y)Ge(p) + (1 = 2p))

with the initial conditions

Gi(p)=1- %arecos(l —2p).

Observe that this process can be repeated until the very last iteration, where Xipo=Y0=0.
Therefore

1
2p, Q) = — arccos (1 = y)Gr(p) +yL(1 =2p)).

Appendix B. Calculation of the partial overlap matrix probability

Let us suppose that we have selected K vectors from SV such that there is a constraint on the
angle between any pair of them, and as a result we can construct the matrix Q. Let us find
now the distribution probability of the matrix elements correspondent to the partial sums of
the type % Zj c1, Wk, jWk;, j- To this end we define the following quantities:

1
2 _ 2
"y = N Zwklsj

Jjelp

1
T, T, COS(@k k) = N E Wi, j Wk, j
Jjelp

so the task is to find the distribution of the variables rlfl (diagonal elements) and

Fi, 7k, €08 (@x,k; ) (off-diagonal elements).
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It is then

P(r]%) /dwk1 (r]%l |wkl)77(wkl)
N
o /dwk1 Nrk Z wkl j Z Wy, j —

Jelp
o</dwk,8 Nrg =Y wp | o[ N+ wi - N
jelp jelp
2 2 2 2
oc/l_[dwk],jS Zwkl'j—Nrk] /ndwkl,jé} Zwkl,j—N(l—rk])
jelp jelp j¢lp jelp
(N-P-1)/2
oy (1- 1)

P+1 N—-P+1\]" Pl 2 \(N=P—=1)/2
(e ] e

where B(x,y) = I'(x)I"(y)/ '(x + y) is the beta function. For the off-diagonal elements we
proceed in the same manner:

73(;'1(,rkfl cos (on]k’l)) = /dwk]dwk P(rk,rkr cos ((pkl )|Wk|, Wi/ )P(wk, , Wk/l)

= dekIde;P(Vk,rk; cos (i, k ) Wi, » Wi )P (Wi, [, )P (W, )

2 : 2 2 : 2
X /delde’lg Nrklrk/ COos gak]k/ wkljwk i I\II‘kl — wklﬁj

Jj€lp jelp

N
2 2 P
x 8 Nrk,]—g L E W, j Wk, j — Nk,
j=1

jelp
N N
X § E w2 —NJ|$ E w2 . — N
ki,j K}, j >
=1 j=1

where Eklk/] is the overlap between the vectors wy, and wy, . Observe that as in the case of the
diagonal elements, we can separate the variables into two groups, according to whether their
indices are in Ip or not. Thus

P(rklrk cos ((pk]k/ = / l_[ dwy, jdwy Nrk Z wkl j er%,l — Z wlz(,]’j

jelp j€lp jelp

x 8 | Nrg i, cos(gkk ) — Z W, j WK, j f 1_[ dwy, jdwy

jelp jélp
X & Zwﬁl,j—N(l—rﬁl) 1) Zwﬁfl!‘j—N(l—rﬁfl)
J¢lp j¢lp
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<8\ Y wig jwig.j — N (G — i cos (¢ )
Jele

Let us define the overlap cos ((faklkf]) by

Eklk’1 — Ik, 'k €OS (ﬁﬂklk’l)
Jo=r)=r)

The integrals to be solved are of the form

cos (k) = (B.1)

T= /Rd dzdz28(zy - 22 — Nrirycos(e)) 8(|zi|* — Nri)8(|zal* — N73)
which is proportional to the length of the hyper-ring around «; with radius || sin(¢) times
the length of the hyper-ring around «; with radius |x;| sin(¢). Therefore

T o (r1r2)? 1 sin? ()
thus
P(ri i, €os (@k; ) o (i, rkfl)IL1 sin” 2 (oK)

< [(1=r2) (1 =)™ i ().
and, by (B.1) we have that
(1= ) (1 =rg) sin® (@wa) = (1= &) =iy =7

+2rk, g Eklk’l cos ((Pk.k’l) + 1K, T, sin’ (Q"klk&)-

Therefore

PR) ocnf (=)

P (i cos (i) o¢ (i)™ sin” (e )y (1 = ) (1 = )

=2 2 _ .2 = 2.2 2 (N-P-2)/2
X [1 =k, ~ T K +2rg, 1, S K, €OS (ﬁaklk’l)*"”k]’"k’l sin (<.0k1k’1)] .

In the thermodynamic limit, where P < N — oo and P/N = p, the saddle point equations
of the Laplace method are

1_
0= -2, vk (B.2)
Tk, l—rkl

for the diagonal elements, and

- 2 2
o P _1-p 2riy = 2 Qi €08 (e ) — 27y sin? (o) (B.3)
T 2 1-32, —r2 —r2 4+ 2rre /cos( /)+r2r2 sin2( ) '

! kK| K K, ki Tk} Sk K Prik; KTk, Pk K,
o _1-p 2ri; — 25k, ki, €08 (@i,k; ) — 2rig 7 sin® (@i ) (B.4)
T e 2 182, —r2 —r2 42w rcos( /)+r2r2 sin2( ) '
K, KK, K, K| ki 'Kk Ok k| Pk K, kK, Pk K,
0 = pcotg(pi)
B 1— p 2rk]rk/] Eklk’, sin (@klk/l) — Zr'l%1 rl%,l COS (‘pklk’,) sin (@klk]) (B 5)

_ 72 _ 2 _ 2 = ) 22 a2 )
2 1 ;klk,] o~ + 27k, 1 Sk, K, COS (‘pk1k1)+rklrk; sin (Wklkl)
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Vk; # Kk|. From (B.2) we have that rﬁl = p VYKk;. Equations (B.3) and (B.4) are identical;
therefore, we can suppose that in the limit i, = ri; = r and the system gets reduced to only
two equations
1 — Gy, cos (gi,i;) — 2 sin® (@i k;)
1— é‘l?lkll — 27‘2(1 — gklk’] cos (‘Pk]k’l)) + 4 sin? (gﬂklkfl)
Tio; Sin (@i ) — 2 cos (¢ ) sin (e,
1- El?lk/l —2r2(1 — Gk, €08 (¢ik; )) + 7 sin? (k)

0=p—-py

0= peotg(pri) — (1 — p)r?

which accepts the solution r* = p and cos (g ) = ik VKiK. Therefore, in the
thermodynamic limit, we have that

P(rﬁl) o'¢ S(rlfl — p)

P(riri; cos (ork)) o< 8(rg, — 117)5(@l — p)8(cos (prk;) — Tk,
which implies that the expected value of the matrix of partial overlaps given these distributions
of elements is

, M ' 1
pdim (P) > NZwkl,jwkg,j = plQl x, - (B.6)
Ip Jelp
Appendix C. Integrals

In here we present the calculation of several integrals that appear in the main development.

C.1. Integrals related to (A.12)

In order to simplify the following developments, we will suppose that 3 M € N| K =2M +1.
The integrals to be solved are

b = / D (n, #) cos(7)+!
bl = [ iy sty sinGiy?”

a, = f D (1. 7) cos(A)* ™~ sin(f)*"*!.

Before computing the integrals observe that forall A > 0 and B > 0

/D(U,f?) sin(Af) = —#/0 dﬂ/ dij exp(—ifjn)[exp(if A) — exp(—ifA)]

——— [ @ / dilexpl—if(n — A)] — exp[—iA (] + A)]]
T Jo —00
= —% [O(A) — O(—A)]

i
= -, C.1
3 (C.1)
similarly

/D (1, 7)) cos(Af}) cos(Bf) = — [O(A+B) + O(—A — B) + O(A — B) + O(—A + B)]

(C.2)

N|’—‘.|;>—‘
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and
/D (17, ) cos(AR) sin(BA) = —j-l [O(A+B) —O(A—B)+O(—A+B) — O(—A — B)]
= —%@(B —A). (C.3)

The first integral is

1 & 2m+1
by = /D(n, ) cos(f)*M+! = T} E ( X )/D(n, ) cos[(2M — 2k + 1)7]
k=0

1 Z oM+ 1
= ot 2 . )=3 M. (C.4)

The second integral is

%=/Dmmwmﬁmm%mwm

1 M—m WM — 1
=fp(n,ﬁ)m Z ( ( km)+ )cos[(2M—2(k+m)+l)f7]

X S 2Z:(—l)’" ’( .>COS[(2m 2J)n]+(2m)
m

M—m

1 XM —m)+1\ . (2m 1 [2m
22MZ< k )Z( 1) j(j)+22m+l< )

1 22M—m+l 1/2m 1 2m
= 22_M 2 _5 m + 22m+l m

=0 VYM,m >0, (C.5)

And the last integral is then
ﬂ=fvmmwmﬁmmmwm“

=fDmmwm%WMuw#®me

=/DW@§]4V@)mMWWW%mm
=0

R Cefm (—1) 1(2(M —m+0)
_g( b (z)zZ(M—"HO {2( M—m+t )+

M—m+t—1 2M —m+0)
+ }; ( L >®[1—2(M—m+€—k)]

22(M.m)+1 Zmzo< ) ( ><2(1€14— n’f:f)>
() GOV “
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Appendix D. Derivation of condition (10)

We start by writing the average discrepancy component as

1 1
W l=5 =5 ) PE.SIFSS),
{S}.{8"}

where P(S,S) =27V (’ﬁ)_ISSTS/, ~—2p. The second term can be then expressed as

> PSSO f(S) =27 <P> Z Ss7s N-2p Z Fif TTTT8est-

{S}1.{8'} kel le]
By expressing the Kronecker delta as

1 dz
Srmz_.% Zr
’ 2xi ) zmtl
we have
N .. 1 dz
S.S)f(S) F(S) =2V 7§
> PES.S)FS)fES) (P) %:fnszm T

{S}.{8'}
N
<[5 X 3 20sis.

kel le] j=1 = Sj==*1§;==%1

Now we have to take the average over the input variables. To do so we define the following
sets: A=1INJ,B=1/A,C=J/Aand D = [N]/(IUJ). These four sets completely cover
[N] without intersecting each other. The spin average is then

8(2) = ]_[ Z Z 22T s
j=1 =+l 8= kel  1e]
=(1-— Z)'A‘(SB, B¢, B(1 + 2)P.
IfB=C =@, then I = J and then
g(Z) =851 = 21+ 2)N VI,

Let us write the sum over the sets of indexes Yy as 31 3", , where |I,| = r. Then, if

ool = Z 7, (D.1)
I,

11N\ & d
0 1f1=5 - E(P) > ygzm(l—Z) (1+2Z)N

) B (R e

r=1 j=0

) T ()0

In this case the difference of average discrepancy components is

N _ N(N) (N) _ 1 (N—;) (Plzfjj)
Ap[f]zop [f]_op+1[f]— E o E (= l)j . N .
p () Gh)

we can write
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Observe that
<> _ st =0 _ P
J J! J!
where P;(r) is a polynomial of degree j inr. If P <« N then

<N> NP B
~~ +ON.
P P!

) ()02 oo
P) \jJ\P—j J N

N P\apri(N —r)P—i

=(3) 5
where ap € R is a constant. We then have the following expression (disregarding terms of
O(1/N)):

=25 (o G 05
e i) T\N N
(D 5

and observe that both terms in the sum over j are polynomials of order P and P + 1 inr/N.
Thus

’

Thus

+ONTYH,

NUET XN}% %b“” (i)j +O(NTh
: _2r=l;rj=0j N

P+1 N

I m Ty -
_2;bj Zl:w(N) +O(N7Y),

where b;P) € R are the polynomial coefficients and depend only on the value of P. From this
expression it is clear that in order to satisfy condition (7) for all values of P we need to require
that
1 < :
VjeN lim —,Zoc//,w:o, (D.2)

N—oo NJ
r=1

which is condition (10).
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