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On a Generalization Complexity Measure for
Boolean Functions

Leonardo Franco
Department of Experimental Psychology
University of Oxford
South Parks Road
Oxford OX1 3UD, UK
E-mail: Lecnardo.Franco@psy.ox.ac.uk

Abstract— We analyze Boolean functions using a recently
proposed measure of their complexity. This complexity measure,
motivated by the aim of relating the complexity of the functions
with the generalization ability that can be obtained when the
functions are implemented in feed-forward neural networks, is
the sum of two components. The first of these is related to the
‘average sensitivity’ of the function and the second is, in a sense, a
measure of the ‘randomness’ or lack of structure of the function.
In this paper, we investigate the importance of using the second
term in the complexity measure. We also explore the existence of
very complex Boolean functions, considering, in particular, the
symmetric Boolean functions.

I. INTRODUCTION

The complexity of Boolean functions is one of the central
and classical topics in the theory of computation. Recently,
Franco [7] and Franco & Cannas [11] introduced a complexity
measure for Boolean functions that appears to be related
to the generalization error when learning the functions by
neural networks. This complexity measure has been derived
from results showing that the generalization ability obtained
for Boolean functions and for the number of examples (or
similarly queries) needed to learn the functions when im-
plemented in neural networks is related to the number of
pairs of examples that are similar (close with respect to the
Hamming distance), but have opposite outputs [9], [10]. When
only the bordering (or boundary) examples (those at Hamming
distance 1) are considered, the complexity measure becomes
equivalent to average sensitivity, a measure introduced by
Linial et al. [16]. Average sensitivity has been linked in [16] to
the complexity of learning in the probabilistic ‘PAC’ model of
learning [18]; and many results about the average sensitivity
of Boolean functions have been obtained for different classes
of Boolean functions [5], [4]. It has been shown [7] and is
further analyzed in this paper that terms that account for the
number of pairs of opposite examples at Hamming distance
larger than 1 are important in obtaining a better match between
the complexity of different kinds of Boolean functions and the
observed generalization ability. :

I1. THE COMPLEXITY MEASURE AND ITS INTERPRETATION

In its most general form, the complexity measure considered
here consists of a sum of terms, C;, each of which accounts
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for the number of neighboring examples at a given Hamming
distance having different outputs. The complexity measure can
be written in a general form as:

N/Z

C=Ci+ Zaic«;,

i=2

)

where «; are constant values that weight how pairs of
oppositely-classified examples (that is, elements of {0, l}N )at
Hamming distance ¢ contribute to the total complexity, and N
is the number of input bits. Each term C'; has a normalization
factor that takes into account both the number of neighboring
examples at Hamming distance ¢ and the total number 27 of
examples. Explicitly,

Glf] = (2)

22

ze{0,1}¥ {yd(yx)=i}

|f{z) = F()ls

2N(A

where d(y, ) is the Hamming distance between x and y (the
number of coordinates in which they differ). Thus, C;[f] may
be interpreted as the probability, uniformly over choice of
example z, and uniformly over the choice of an example y
at Hamming distance ¢ from z, that f(y) # f(x).

The first term, C; is proportional to the number of bordering
(or boundary) examples, those with an immediate neighbor
having opposite output. Equivalently, it is the probability
that ‘flipping” a uniformly chosen bit in a uniformly chosen
example will change the output of f. This is proportional to
the ‘average sensitivity’ s{f) [16], [3], [15]: in fact, Cy[f] =
s(f)/N. (The average sensitivity s(f) is related to the notion
of the ‘influence’ of a variable; see [15], for instance: s{f)
is the sum of the influences of the N variables.) The number
of bordering examples has been shown to be related to the
generalization ability that can be obtained when Boolean func-
tions are implemented in neural networks [9], to the number
of examples needed to obtain perfect generalization [9], [10],
to a bound on the number of examples needed to specify a
linearly separable function [1], and to the query complexity
of monotone Boolean functions [17]. Moreover, links between
the sensitivity of a Boolean function and its learnability in the
PAC sense has been established {16] and many results regard-
ing the average sensitivity of Boolean functions have been
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derived [5], [15], [12], [4]. Following [15], the complexity
measures can be related to the Fourier coefficients of f; see
the full version of this paper {8].

III. IMPORTANCE OF THE SECOND ORDER TERM OF THE
COMPLEXITY MEASURE

The second order term has been shown to be relevant in
order to produce an accurate match between the complexity
measure and the observed generalization ability when the
functions are implemented in neural networks (Franco, 2002).
Experimental results indicate that the first-order complexity
term C7(f] alone does not give as good a correspondence as
does the combination C1]f] + Ca[f]-

Figure la shows the generalization ability vs. the first
order complexity (C;) obtained from simulaticns performed
for three different classes of functions. The first class of
functions (indicated as ‘F. const + rand.med’ in the figure)
was generated by modifications of the constant, identically-1,
function, producing functions with first-order complexities C4
between 0 and 0.5. These were generated as a function of a
parameter p in the following way: for every example, a random
uniform number in the range [0,1] was selected and then
compared to the value of p. If the random value was smaller
than p then the output of the function on that example was
randomly selected with equal probability to be 0 or 1. Thus,
for each example, with probability p, the output is randomly
chosen, and with probability 1 —p the output is 1. The second
set of function (‘F. parity + rand. mod.” in the figure) was
generated in the same way but through random meodifications
of the parity function, to obtain functions with a complexity
between 1 and 0.5. (The parity function is the function that has
output 1 on an example precisely when the example has an odd
number of entries equal to 1.) The third set of functions (°F
parity u + rand. mod’ in the figure) was generated as follows:
starting with the parity function, for each positive example
(that is, an example with output 1 on the parity function), the
output is changed 1o 0 with probability p. This yields functions
with complexities ranging from 1 to 0, all of which, except
the initial parity function, are unbalanced (in the sense that
the number of outputs equal to 0 and 1 are different). Figure
la shows, for each of these three classes, the generalization
ability computed by simulations performed in a neural network
architecture with N = 8 inputs and 8 neurons in the hidden
layer trained with backpropagation, using half of the total
number of examples for training, one fourth for validation and
one fourth for testing the generalization ability, In figure 1b
the generalization ability is plotted against the second order
term of the complexity measure, Cz and it can be observed that
the general behaviour of the generalization seems uncorrelated
to this second term. But when we plot, in figure Ic, the
generalization ability versus C) + Co beiter agreement is
obtained for the three different classes of Boolean functions.
The discrepancy observed in the generalization ability in Fig.1
for functions with similar complexity € appears to be almost
totally corrected when C; + Cy is used.
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Fig. }. Generalization ability vs. first term (top graph), second term (middle
graph), and first plus second terms (bottom graph) of the complexity measure
for three different classes of functions. (See text for details))

Another indication of the importance of the second order
complexity term Cz comes from the fact that when only Ci
is considered, the functions with highest complexity turn out
to be the very well known parity function and its comple-
ment [13], {10}, yet numerical simulations have shown that
there are functions which are more complex to implement on
a neural network (in the sense that the generalization error
is higher). Indeed, for this class of very complex functions
the generalization error obtained is greater than 0.5 (which is
what would be expected for random functions). In [7] it has
been shown that the average generalization error over a whole
set of functions using the same architecture is 0.5, indicating
that there exist functions for which the generalization error is
higher than 0.5. Similar results have been obtained for time
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series implemented by perceptrons {19].

[V. A METHOD FOR FINDING VERY COMPLEX BOOLEAN
FUNCTIONS AND GROUND STATES

In this section we investigate how to find Boolean functions
with a high complexity. Oné technique that seems to be
useful is to consider functions having a number of ‘irrelevant
attributes’. Such an approach is motivated by considerations
from statistical mechanics. In [7], [11] an analogy is estab-
lished between the Boolean function complexity measure and
the Hamiltonian of magnetic systems. This analogy implies
that there is a correspondence between the ground state of
magnetic systems and the most complex functions. Ground
states of many magnetic systems have been observed often to
have a certain type of order (short or long range order) and it
is a subject of controversy under which conditions this order
does not arise [11], [6]. In some cases the ordered ground
state consists of two equal size antiferromagnetic domains,
corresponding in the language of Boolean functions to a parity
function on N — 1 variables, with the Nth variable being
irrelevant, Finding the ground states of magnetic systems is a
complicated task only rigorously undertaken in very few cases.
It has been shown that in most cases the problem of rigorously
establishing that a state is the ground state is computationatly
intractable [2], [14].

A Boolean function is said to have A irrelevant attributes if
there are iy,4a,...,14 such that the value f(x,,z2,...,zx5)
of the function does not depend on z;,,24,,...,T;:,. For the
sake of simplicity, let us suppose these ‘irrelevant attributes’
are Ty_ a4+1,EN—A+2; - - -, TN- Then, the value of f is deter-
mined entirely by its ‘projection’” f* onto the relevant N — A
attributes, given, in this case, by

f*(xlamZ:"'rmN—A) = f(Il,Ez,--.,mN_A,0,0,...,0).

(The choice of 0 for the last A co-ordinates here is arbitrary,
the point being that the value of f is independent of these.)
The complexity of f can be related to that of f* as follows:

Culfl = (N;,A+0622§§£_S))Cllf*]

N-AN-A-1) . .

It is easiest to see why (3) holds by using the probabilistic
interpretations of Cy and Cy; see {8] for details.

Consider the N-dimensional Boolean functions defined as
the parity function on N — A variables for A =0,1,..., N,
The complexity of these functions including the first and
second order terms, Cy and Cy, can be written in terms of

A as:

+a

Ci2[f] = Cilf] + a2Cs]f]
N—-A 2A(N-A) .
N NN -D “)
(N — A)N -1+ 2a24) (5)

NN - 1)

This follows from (3), because the functions concerned have
A irrelevant attributes, and because the projection f* onto the
N — A relevant attributes is the parity function on ¥V — A
variables, having Cy[f*] = 1 and C[f*] = 0. I can also be
seen directly: the two terms in Eq. 4 represent the fraction of
pairs of examples with opposite outputs at Hamming distances
1 and 2 respectively. Assume now that a; = 1. To find
the most complex function of this particular type, we set
the derivative of Cjs respect to A (assuming, that A is a
continuous parameter), and we see that Cip is maximized
when .

N+1
A= Apaz = _'j‘__" ©)
4
The complexity of the corresponding function is
(3N -1)* 9
ClZ[f(Amax)}“' SN(N—].) > ] (7)

The complexity of the function found is larger than 1.125 for
any IV, indicating that we have found a very complex function.
(For comparison, we note that the complexity of the parity
function and of a random function are approximately 1.0)

We empirically analyzed the generalization error obtained
when Boolean functions are implemented on feed-forward
neural networks, to see if this correlates with the complexity
measure. For the functions that implement the parity function
on (N — A) variables, however, we did not find that the
complexity of generalization (that is, the generalization error)
comrelated well with the complexity measure. It seems that
this might be explained by the fact these functions are quite
regular. (In fact as the number of relevant variables decreased,
the functions seemed to be less complex to implement on
neural networks.) Thus we decided to look instead some
related functions with a greater element of randomness in their
definition. We considered functions that implement the parity
function of IV variables, where the final A variables on any
given input example were subject to random alteration: each
of the final A variables of an example were, with probability
0.5, left unchanged, and with probability 0.5, were set to 0.
On ecach example, then, the function constructed computed
the parity function of (N — A 4 4) variables on that example,
where 4 is a value between 0 and A, distributed according to
a binomial distribution with mean A/2. The set of functions
found is a complex one for which the generalization error can,
for some values of A, be larger than 0.5.

In Fig. 2a we show the values of the complexity Cy 4+ Cs of
parity functicns that depend on IV — A variables for the cases
N =14,10,8,4. In Fig. 2b the generalization error obtained
for the Boolean functions that implement the parity function
on (¥ — A + &) variables (in the sense described above) is
shown for the same cases. The simulations were performed in
one hidden layer architectures, trained with backpropagation,
using half of the total number of examples for training, one
fourth for validation and the remaining fourth to measure the
generalization error. The error bars plotied show the standard
error of the mean (SME), when 50 averages were taken.
The SME decreases as IV increases and for fixed N it was
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Fig. 2. a) The complexity (C1 + C'2) for Boolean functions that implement
the parity function on N — A variables as a function of the number of relevant
variables (N — A), for different values of V. b) Generalization ervor versus the
number of relevant variables for the case of the Boolean functions described
in the text as the parity on (N — A + &) bits, for different values of M.

approximately constant as a function of A, except for the case
A =0, in which case the SME was normally larger. As the
graphs indicate, we generally found that the value of A, for
which the generalization error is a maximum increases with
N, to a maximum, and then falls again, as we indicated by
the analysis for the parity function with irrelevant attributes.

We can also find functions for which Cp is very high,
independent!y of ;. We find that functions defined as the
parity on & & variables have a complexity Cy equal to

N N
Ca[f(A = 5)] “WN-D (8)

which is larger than 0.5 for all N. For the case N = 4,
this gives a function with Cy = % and we have exhaustively
verified that this is the largest value that can be obtained for
any Boolean function with N = 4. For cases where N # 4,
we do not know how close the value obtained for Cq is to
its maximum possible; and, as we menticned above, it could
be that the demonstration that this value corresponds to the
functions with maximum complexity is intractable [14]. For
symmetric Boolean functions, however, as we observe in the

next secticn, the maximum value that can be achieved for Cy
is 0.5.

V. COMPLEXITY OF SYMMETRIC BOOLEAN FUNCTIONS

An important class of Boolean functions is the class of
symmetric functions, those for which the output depends only
on the number of input bits ON (or, equivalently, on the weight
of the example). This class includes many important functions,
such as the parity function and the majority function. We
first determine independently the maximum values of C) and
Cy that such functions can achieve and then by using an
approximation, in which we consider only the input examples
with a balanced or almost balanced number of input bits ON
and OFF, we analyze which symmetric functions have high
C12 complexity measure.

For the case of () it is trivial to see that the parity function
and its complement, for which C; = 1, are the only Boolean
functions for which C; is maximum, and they are symmetric.
The maximum possible value for Cy is (.5, as we now show.

For a given number of inputs bits, N, we may organize
the examples in levels according to the number of bits ON
(number of bits equal to 1), N,,. The number of OFF bits in
a given example is then equal to Ny = N — N,,. The number
of examples Ng_o{z} at Hamming distance 2 from any given
example z is (§}. For any example z, this number may be
decomposed as

Nn=»(2) = NiZy(2) + NiLy(2) ©)

where NgL, () is the number of examples at distance 2 in the
same level as x, and N§L,(x) is the number of examples at
distance 2 and in a different level (either level i +2 or ¢ — 2).
Now, N&L,(z) and HEL,(z) depend only on the level to

which z belongs. Explicitly, for all z in level 4,
NiZa(x) = i(N —4), (10)

as this is the number examples in the same level that have one
different bit ON and one different bit OFF but the same total
aumber of bits ON. For z in level i,

i@ = () + (M57),

as this is the number of different examples that can be obtained
from z by flipping two ON bits to OFF or by flipping two OFF
bits to ON. (The binomial coefficient (') is interpreted as 0
if k> m.)

For a symmetric Boolean function, examples in the same
level have the same output. It follows that, in considering the
complexity measure Cy[f], only examples at distance 2 and in
a different level need be considered. Therefore, if L; denotes
level ¢, we have

(1)

Gl < %TZZ (12
2 =0 xeLl;
- S0 -t

(14)

N
= Z i, N),
i=0
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where

1 (N i N—i
C(i,N} = —

1) = Ty (z) ((2) * ( 2 )) (1)
is 2V times the maximum possible contribution to Cy[f] from
the examples in level <.

We note that

% (6 =()

since both sides of this identity are different expressions for the
number of pairs ({x,y},S) where z,y € [N] = {1,2,...,N}
and 2,y € § C [N]. Also,

S (M%) =23

since both sides are the number of pairs {{z,y},5) where
z,y € [N], SC[N] and z,y ¢ S. It follows that

1 N
Q—NZC(i,N) ==
i=0

The maximum value of 0.5 for Cs can be achieved for any N
by the symmetric functions with the property that the outputs
chosen for the different levels alternate between 0 and 1 every
two levels.

Colf] < (16)

VI. APPROXIMATING THE COMPLEXITY OF SYMMETRIC
BOOLEAN FUNCTIONS

We now analyze approximately the Ch2-complexity of sym-
metric functions, where Ciaff] = C1[f] + Ca|f]. The idea of
the approximation is to focus on the middle layers, these being
the largest, to compute ‘locally’ the complexity around these
layers. These local approximations will give approximations to
the complexity of functions consistent with the same outputs
on the middle five layers, provided the values assigned to
higher and lower layers are such that the complexity observed
around the middle layers ‘extrapolates’, at least on average, to
the rest of the layers. Such an approach does not give exact
results, but we believe the approximations obtained are useful
indicators of the values of Cy for symmetric functions.

The middle layer (in the case of even N) and the middle
two layers (in the case of odd N) are the most populated
ones. Since the complexity measure that we are considering
involves examples up to Hamming distance 2, to compute our
approximation, we consider only the layers within distance
2 of these largest ones. We consider here the case N even
and base our analysis, therefore, on the levels & T — 2 N -
LY, & 41,5 +2 (Note that, although these layers are ’ the
largest, they only account for a fraction of order 1/v/N of
all 2V examples on {0,1}V, so for the approximations to
be valid, it has to be assumed that the complexity observed
locally around these central layers is continued throughout the
rest of the layers. A possible alternative approach would be to
work with a number of central layers of order /N, but this
is clearly more difficult.)

Qutput values | Parameters (X, X2, X3, X4)
10101 .. (2.2.0,0)
I 1) 14 I (1,2,1,1)
...10100 ... 2.1,0.1)
...00110 ... €1,1,1,2)
... 00100, .. (2,0,0,2)
1) 3 511 0 0.2,0.2)
JORS [119 5 IO {1,1,1,0)
...00111 ... (1,040
LLL0RLLE L 0,1,0,1)
11 {0,0,0,0)
TABLE 1

We express the approximated complexity of the symmetric
Boolean functions in terms of the value of the interactions
of the examples at Hamming distance 1 and 2 of these 5
levels and introduce a function F that will account for this
value. F(X,, X3, X3, X4), where X1, X», X4 € {0,1,2} and
X3 € {0, 1} reflect the values of the ‘interactions’ between the
different levels considered. Explicitly, X; reflects the value of
the interaction at Hamming distance 1 between levels -’2‘1 -1
and % and between levels %’- and % + 1. Thus, X; takes
value O if the Boolean function assigns the same output to
all these four layers; it has value 1 if, for one of these pairs
of layers, the outputs are different and for the other pair they
are equal; and it has value 2 if for each pair of layers, the
outputs are different. Similarly, X» reflects the value of the
mteractlon at Hamming dlstancc 1 between levels & 7 —2and
3 — 1 and between levels & % +2and N + 1. The parameters
X3 and X4 describe dlstance 2 mteractlons X3 reflects the
value of the interaction at Hamming distance 2 between levels
5 —1and & 5 + 1, and Xy accounts for the mteractmn at
Hamming dlstance 2 between the middle level & and levels
N + 2. Without any loss of generality we assume outputs of
examp[es in level & to be 1. By symmetry, we then need
only consider the ten configurations of output values to the
five layers that are shown in the first column of Table VI
Here, the assignment ...10100... means, for example, that
layer N/2—2 is assigned 1, layer N/2—1 is assigned 0, and so
on. We also indicate, in the second column, the corresponding
parameters (X1, Xa, X3, X4).

We measure the C;o complexity ‘locally’ in these five
central layers. These approximations are given by

F(X15X27X3: X4) = f(X13X2) + g(Xs’X4)3

where f measures the C; complexity, ‘relativized” to these
layers, and g is an approximation for the C'> complexity,
focally around these layers. The function f is defined by

oy AEPEEY
1y A2} =
APF+2(y0) (5 -1
The approximation g is defined as follows.
N
1 %)E + X G)
9( X3, X1) = Tt 22 )

(’{-A—rl)(zz ) +2( )(%)
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X f q F mean C]_l'Czn’Cu

2,2,0,0) 1 0 1 0.8666/0.0969/0.9635
(1.2,1.1) 07143 03421 1.0564 0.6571/0.3064/0.9635
2,1,0.1) 07857 0.1579 0.9436  0.7095/0.1936/0.9031
(1,1,1,2) 0.5 0.5 1 0.5/0.4031/0.9031

(2.00.2) 05714 03158 0.8872  0.5524/0.2903/0.8427
(0,20,2) 04286 03158 0.7444  0.4476/0.2503/0.7379
(1,1,1,0) 0.5 0.1842  0.6842 0.5/0.2097/0.70%7

(LOL1) 02857 03421 0.6278  0.3429/0.3064 /0.6493
0,1,0,1) 02143  0.1579 03722  0.2905/0.1936/0.4841
{0,0,0,0) 0 0 0 0.1334/ 0.0965/0.2303

TABLE I

Here, the leading factor of 1/2 reflects the fact that, for
symmetric functions, Cy can be no more than 1/2 (as shown
in the previous section). Table I shows the values of f,g
and F for the configurations of interest (see Table VI), for
the case N = 14. (The first column indicates the appropriate
parameter values.) In the final column of the table, we give
the mean values of C),Ca, Cy2 over all symmetric functions
on N = 14 variables which extend the given configuration
on the five central layers. So, for instance, for the last entry
of the first column, we consider all those symmeiric Boolean
functions on {0, 1}!4 which assign values 1,0,1,0,1 to layers
5,6,7,8,9 (respectively)—that is, all those that extend the
pattern ...10101... of the central layers—and we compute
the mean values of C1,Cs and C\5 over all such functions.

VII. DISCUSSION AND CONCLUSIONS

We analyzed in this paper a recently proposed measure for
the complexity of Boolean functions related to the difficulty
of generalization when neural networks are trained using
examples of the function. We studied the first and second
order terms of the complexity measure and demonstrated the
importance of the second term in cbtaining accurate compar-
isons with generalization error. Furthermore, we indicated that
the second-order complexity term provides an estimate of the
randomness existing in the output of a Boolean function.

By using an assumption on the nature of the most complex
functions based on some results from statistical mechanics,
we have been able to obtain very complex Boolean functions,
with a complexity larger than 1. We showed empirically that
the difficulty of generalization for these functions was related
to the complexity measure {once the functions were meodified
by adding a controlled element of randomness).

For the class of symmetric Boolean functions, we first
obtained a general bound on the maximum value that the
second-order term of the complexity can take and, secondty,
by focusing on the most populated levels of inputs, we found
approximate values for the complexity of certain symmetric
functions {and, in particular, we were able to obtain an indica-
tion that some complex symmetric functions existed). In most
cases, these approximations compared well (for V = 14) with
computationally calculated actual values of the complexities.

As a whole, the results presented in this paper show that
the complexity measure introduced in (Franco, 2002) can be

used to characterize different classes of Boolean functions in
relationship to the complexity of generalization, and we think
that this may lead to new lines of research contributing to
a better understanding of the emergence of generalization in
neural networks.
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