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Absfruct- A newr runstroctive approach fur creating all linearly 
separable fu~~rt i r )ns  is i l~trr~dured. B~lnnced and unnte functir~ns 
on K+1 rariablcs arc crcatcd anrl lhcn projcctcd la N variablcs 
permitting to create straightforward all the lil~earlg separahle 
functions without l l eed i~~g  to check fur linearly separability. 
The rnetl~od is supported hg the demrinstl-ation of a thenrem 
and numerical siml~latiun results fur sillall iluillber uf variables. 
If the results rxtrapcllates the methc~d may permit to test the 
linear separabilit~ uf any functitrn on N variables by checking 
monotoriicity and tlnatcncss in N+1 dimension. Farthcrmorc, 
the generalization complexity of the linear tlireshold f u ~ ~ c t i o ~ ~ s  
is analyzed. 

Counting thc numbcr o f  lincaiq threshold lunclions i s  a 
complicate and opcn problcm and thc nun~hcr  of lincaiqly 
scparilhlc funaions is only Inow up lu N=8 [ I  1. 121. 131. 141. 
Thurc cxist soinc lowcr ;tiid uppa. buunds ([5].[6]1 bul thcy 
are not very accurate [ 7 ] .  Linearly separable (LS) functions, 
also knuwn as Thrcshold functions arc vcr? impurtant as 
thcy arc the basics clcmcnts of thrcshold lopic circuits flom 
~ l h i c h  any uther Boule;ln functions can be cunstructed. They 
o1.c also v u y  clusc rclatcd lo kcural Nctwnl-ks. in kict i f  
thrushold patcs arc uscd in the ncurol nctnrorks thcn threshold 
circuits are equivalent to thetn. Standard feed-forward neural 

irt~pulse ant1 more attention has been again given to the study 
of thlcshold circuits and of lincarly scpnrrtblc f-u~~ct ions 171, 

PI, 141, PI, C 101. 

In thic paper we first use symmetry properties of connected 
graphs to analyze the number of thresholtl functions as  a 
function o t  their weight (number of 1's in the output values). 
I t  is obscrvcd that thc nurnbcr of balanccd thrcshold functions 
un N+l \:ilriablcs is thc samc as thc ~ u t a l  numbel- urthreshold 
functior~s in N variables. This result is later enl~nciated as n 

theorem and proved. Nunlerical sirrlulations results are also 
presented showing that the tvhole set of thr.eshuld Boolean 
functions can bv crviitcd s t ra igh t for~~ard  for small dimcnsions 
cases by requiring the graphs to  be connected, balanced 
and unate. The rnethod, if the result5 extrapolate to larger 
dimensions. ulould eventually permit ro check the liriear 
srparibility of any Boolean function by testing if furlctioil 
is unate and balanced, 

Alhn uhing a recently introduced complexity rneakure 1 1  1 1 .  
I I? )  related to the generali7atim ability t h ~ t  car1 be obtained 
when Boolean functions are inlplenlented in predictive cy\- 
tern\ trair~ed by example\ (like KNs, SVMs. decidon trees. 
etc.) home properties nf the 1 3  function\ are  also ana ly~ed .  

networks use dgmoidal activation funcrions because trllirling 
is easier with them and also hecauce sigmoidal functions are 11. '1'HL N L M B E R  OF T H R E S H O L D  B O O L E A N  F U N C T I O N  

A S  A t ; l !NLI I ' ION O t  THE WtlI(;H-I '  
o hi1 inure po~rcrful  in tcl-n~s or comput;itiuni~l capiihilitics 
(81, but they are in any case very close in terrns of their 
properties tn networks conctructed with threchold gates. In 
the 60's there wa\ a lot of exci tcmen~ for the cunstruction 
of VLSI circuit< using threshold unitc instead of' Boolean 
gatcs. but this cxcitcn~ent vonishcd ;IS it was technologically 
dil'ficult and problurnatic lo build ;I computer using thrcshold 
gatcs. 111 thc 90's with thc adviince of technology. a nun 
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A Rnolean function furictiori i.s a map of { O ,  1 ) "  - { O .  1 ) .  
f;r>l. o function oC iY variables cxist 2.\' input cxa~nplcs  
and their correspondirlc outputs dekine an specikic Roolean 

.\& 

Cunction out of the 2 existing unex. We t v i l l  refer in this 
p q e r  to the weight of a functior~ as the number 1 ' c  present 
in the definition of the function. [ I I  particular. a halarlced 
Boolean function is one such that the number of 0's and 1's 
in thc definition of thc funclion iirc equal. Wc will iilsu use 
a reprrsenta~ion of grirph.; t h a ~  is lutally equivirlent to define 
a Boolenn function. as the graph connects all outputs of the  
functions thal arc ctluiil to 0 (or cqui\:i~lcntly lo 1). 

We first show. for Boolean threstlold futictiotis of up to 
N=4 variablcs. huw lo compute thc nurnbcr of functions 
that exist foi  a given weight value using a method that 
relies oti symtnetry properties. The rnethod i c  a cunstructive 
opprooch in which Tor lowcr dimcnsions lhc nunihc~. ot' LS 
~ U I I C ~ ~ O I I S  wirh weight 0 up rc, 2" - ' i s  analyzed. As the 
weight of the fi~nctions to be considerecl increase, it is only 
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necessary to consider the extensions of the lower weight 
cases already considered as if lower weight graphs are not 
1,s their extensinris would he whether riot1 1,s functions or 
would be cases that will appear from the enlargen~ent of other 
LS fi~nctions. 

Functiuns up tu weight 2" ' are cunsideretl as higher cases 
are totally symmetric to lower ones. The number of Boolear~ 
1,s functians with weight 2:' is exactly the Tame a'; the 
nurnher with weight zero. a5 this ariqe for counting the 
~ lumbcr  oT 1's o r  0's in thc dulinition ul' thv function and 
thc cunvcntiun is tut;~lly iirbiti-ary. In pcncrill rhc symmctry 
holds in the sense that the number of cases with weight i 
;uid wcight 2'v-' is thc salnc. A spccial case is thc largcr 
onc  nccdcd to bc considvrcd l'or any diincnsiun N ;uid is ths 
case of cnutitir~g functions with weight 2." - I. 

There 21-r 4 Roolean functiun.i ir l  dirrjensiori h'=l for which 
exists twn iriput examples. 

Weight 0: This case i s  almost lrivial. There exist only 
one such a function, not only for N = 1 hut in every 
dimension. 

r Wight I: This case i <  also trivial. The two different 
i t i ~ ~ u t ~  car1 tnke alternatively the value 1 and thus there 
arv 2 LS Iiinctiuns. Fur thc grnrrrtl casc of din~cnsiun 
iL7 thrre arc 2"' LS r u ~ ~ c t i o n s  uT wcipht 1 .  

Thcrc arc 16 Boolciin runctiuns in this casc in which there 
are 4 different input examples. As said hefnre the method 
is constructive and thus only the cases with weight larger 
than the inaximi~ni consider in the previous dimension and 
between 2 : ~  1 = 2 nccd lo bc coiisidcrcd. Ful- N=2. we  only 

nerd to con5ider the case of weight 2. 

Nnte that the nor1 LS functinns i n  dimension ;I,' = 2 ,  the 
XOR and its negation are not even considerecl by the method 
as the two exarnples having output 1 are not contiguous 
examples. 

Weight 2! 'l'hcrc is only  unc kind ul' g a p h  that pel-mit 
to gerlrrate the 3 LS f~~nc t ionc .  The g r q ~ t ~  is the one 
that connects two contiguous exarnples. For the getier:~l 
case in dinietisior~ N, there exists Ti' inputs, each 0112 

having Y nearest neighbors. As pair.; are considered. 
the total number of functions has to be norn~alized hy 

2 -1 :\; 
2 and thus there are = N .2,'-' 1,s functions of 
A,' variables and weight 2. 

Thcrc u1.c ii Lola1 of 256 Boolviin functions and, 8 diffcrvnt 
input cxamplcs in this casc. Wc uunsidcr on1) functions with 
wcight 3 ;ind 4. 

Weight 3: With only one kind uT griph ill1 functions 
car1 be generated, those with 311 three cor~tiguuus inputs 
equal to 1 .  There are 24 such a functions fo r  !V = 3, and 
one of them is depicted in Fig. 1 .  For the general case 
in dimcnsiun N thc iiumbcr ul' LS Cunctiuns is 2:"' ('ij. 

Fig. I .  Glaph tnr N=3 with umci:l>r .;. Tht r  air 2.1 5itnilar gr,;11>115 (or 
cyui\i~lu~~lly LS Dulc;ii~ Iuncliur~.; ). 

Weight 4: ?'hcrc arc lulo kinds oC graphs nccdcd to hc 
conhidered: 
:I) Functions that h;l\,c thrcc cxrunplc on  thc 3 diffcrcnt 
din~ensions equal to I .  for which there are  8 cases (equal 
to the nurnher of corners. 
b) Functions that can bc  rcprcscntcd by 21 graph bclong- 
in:: to thc Tacc uf a cubc. 

Fig. 2 .  Thc 1 ~ 1  gl,;illhc f(rr N=3 rvith mcighl 4. Tticrc ;Ire 21 r i l ~ b ~ l ; u ,  gl.n]>h\ 
for 111u onc ;I.\ ;I) urld ro Iur ~ h c  righ~ rjrlc. 

There are 65536 Boolean functions and 16 different input 
exainplcs in this cilsc. Wc only nucd to cu~lsidur  functions 
with wcight 3, (i. 7 and 8. Wc will use ;I way to rcprcscnt 
functions in dimension N = -1 by joining two 3-D cuhes by 
edges connecting inpi~ts at Hamming distance I (neighboss 
inputs). 

Weight 5: LS runctiuns can be gcncriltcd [rum twu 
kinds ul' graphs (Scc Fig. 3) .  'I'hc tutal numbel- or LS 
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funcrions is 20% for this case. 
a) The examples occupies n face of a 3-I3 cube and 
illso includes a cuntiguous exa~nple. There are 196 such 
functions. 
b) Starting from any one example the other four are in 
the four diff-erent dimensions. Ih LS functions exist. 

rip 3. Thc [no kirlcl rvt' graph\ Tor ?1=4 n i t l ~  r~ciyhr 5 wirh w l l i ~ h  ;ire 

pwsritdc lu gcllcrar~. rtlc 308 LS iur~cliullr cxihlillg I I I  r t l ir  cart. Tl~crc arc 
192 \irrlil,v g~,;il>ll\ tor thc nllc ~r~(l~c;~ti-d ; I \  ; i b  m d  l b  i o ~  thc iildic;itctl 
h 1 

Ff'eight 6: 'l'wo cliissc\ of p~aphs pcncr;itc thc 192 LS 
(unctions existing Tur thi\ ciw.  {See FIE 4) 
a) Functions that have all the one$ occupying the two 
contiguous faces of a cube. 72 such functions exists. 
b) Functions that can he represented by a gaph where 
the l 'c belong to the face of n cube plus tivo other ones 
i n  o~~hogonal di menxions. 96 funclion s cun~lructeti. 

Weight 7: Only unu  kind uf graph is nccdcd to gcncratu 
all LS functions in this case, exatnples occupyitig a 
whole 3-L) cube except for unr curlier. There ill-e 64 
different graphs. 
Weight 8: 'L'IICI-c iirc two kinds u f graphs (ha1 nccd to hc 
cunsidered tu grnerale  he 104 exisling LS functions. 
n) Graphs with all 1's occupying n whole 3-D cube. 
Irom which 8 dil.fcrcnl LS l'unclions con bc gcncriilcd. 
b) Functions that can be representetl by the edge formed 
by any two coritiguous example$ and the three 2-D faces 
that share this edge. One of this graphs is depicted i n  
Fig. 5 .  There '36 such graphs. 

Fig. 1. Thc I w u  hirld ul _craptl.r fur N=4 ~ i ~ h  scighl h rrilh rvhic.11 arc 
po\hihlc to ~ ~ I I C I . A ~ C  f l ~ c  191 LS f i b ~ l ~ f i o ~ ~ ~  ~cxi<t i l lg  ~ I I  f l ~ i h  ~1i1t. TIICIS: r1I.C 

72 \imil:~r. f r ; lph\  trrr the one i l l r l i~arrr l  ;I< 3)   HI^ 96 f i l l ,  the one ~llrlic~trd 
a\ hl 

There are 2"'' = 42!3-1!)(172135 Boolean functions i n  dimension 
5 from which only !I4572 are LS. To obtain them all we 
need to conbider funclions with weigh1 bellveer, 9 and 16. 
The calculation gets too complicated for this cafe and can 
he done along the Fame lines as ~ h o w n  for the case N = 4. 
and thus H'C dccidcd just to show ill ti~blc I .  thc i~u~nbcr  of 
~ h c  LS functivns ublaincd for this cusc. 

111. t\ T H E O R E M  ON T H E  N U M B E R  OF L I N E I ~ R L Y  

SCPhRhBLE FUNCTIOKS 

F~om lablr 1 is pussihlr to see that I'ur the analy~etl case\ 
the r~i~rnber of threshold fi~tictions oti N variables is the sarrle 
as thc numbcr of lhrcshuld fu~ictiuns i n  N+l variables v ~ t h  
ueight 2". 

Kccall thal a Buolcon funclion *f on iT variables is snid to bc 
I J C I I ~ I H C ~ P ~  if  the number. of I 's, or ~~n.silil.r r,.~-~rmnp/er: (those 
:1, E {o. 1)"  for which j ( . ~ : )  = 1) is exactly .2:'-'. co that 
the function has an eqiinl number. of positive nncl negative 
exilmples. 
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FIE. 5 .  0 1 1 ~ 1  of I ~ L I  grilph 1.~1- N=4 R I ~ I I  wcighl 8 niltl t\hic11 i ~ r ~  pw~lrihlc 
ti) grnelil lr the 04 1.5 l i~~~ctic,n\ o i  the 104 rui.;ting will1 weight X. The 
conlinon edee for the 1111-ec t'~cz\ nie~lrionzd In the telt  is  l i i ~ l~ l i eh ted  with 
a tllickei- line. 

Any 1inc;tr threshold function f : (0, 1)" -. (0. I )  can bc 
rcprcscntcd by :I wciphl vcclor w E R": ;ind tllrushold U 5 R 
such that I(;,.) = 1 if itt:,,:) > # and ( ( n : )  = U if ( t l : .  ,r)  < 0, 
where (-1,: .  .I,,\ is the usual ititlet- product, (.[I.. .c) = tr . '  .r. (\Ve 
uiun. by thc discrutcncss uf {O, l}"', ;tssunlc that ( t r ! .  .TI f 
0 fur ;ill .r.) Wc write t - [ z r - , O ] .  (Or course, thcrc arc 
inhnitely Inany pussihle weigh1 veclurs and thresholds thal 
will represent a given I . )  

Tl~eur-en1 >. I :  The ni~mbe~.ofthreshold f i i n c t i o ~ ~ s o n  {O.l};l' 
is the same i is rht: nu~nbcr of balanced thrzshold I'unctioiis 
on {O.  I.)"+ I. 

Proof: We c o ~ ~ s t r u c t  a bijection from Il i. the set of thresh- 
old fi~nctions on 10. 1):' to BT.y+l. thc sct of baliuiccd 
threshold functions on {U. I ) ' "+ ' .  To define (his mapping. 
let u:, firct hay thiit : I .  ijnd 1) iiri { O ,  1 } '' are rrrltipolilrl i f  
,r/ = 1 - ;r., where 1 is the 211-1 vectnr. Thiq rnenns that 
y, = I - :r, fur each i .  We wrile y = T. Fur f E TdY, cieiine 
a function I "  : (0. l),"' - {O. 1) by: 

We fiwt shnw (ha1 t' is 3 lhrexhold f i ~ n a i o n .  (We noie, as  an 
aside, that f" is also a sr$duul Boolean function.) We can 
rlemonst~-ate this explicitly by finding a weigh1 veclur and 
threshold 1Iiat represen1 t* .  Suppose f - [LL.,$]. Le1 I I ~ -  E 
R>'I'+l bc n:* - (w. n )  whcrc n - 20 - c>-~ w;.. (Hcrc, 
( u ! .  (11) incans thc vcctor with first i'V cntrics u 1  and last cntry 
n.) Now, for any :r - e l  . . . .r.v E (0. l}"'. EVC II;IVC 

T H ~  NUhl t l tH  ( I t  L I N t . l K  S t l ' , \ K . l B L t  ( O K  T H K ~ ~ H O L V ~  BII I IL~. \N 

\::\[ . \ , I :  0 1  :y [ I l l :  NL!bII3I:I< 0 1  l,!JNt: I l O K . 3  Wl I l l  i%' l . l ( i l l  I ?.'-I IS 

H[CiHLICiHTEU Ih' BIILU.  A5 THIS NUXIBCK [ 5  T H C  S A M C  T H A N  T H C  

TOTAL KL'bIBER {IT LS TLIUCTION F O R  THE I41LIEDlATC L O W E R  

Dl>lLNSI(IN i\: - 1 I S L E  4 t O T H F  TCXT 4DOI:T THE C'OSILC'TURL 

So we see that t" [n:*.O] is indeed a threshold function. 

Thc dciinitiun of t' shows lhiit thc mapping f ++ f -  is 
injective: for. if I; = I ;  the11 for 311 ti: & (0: 1)" we have 
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Nexl, we shuw thal the milpping t - t v  is a su~ject ion:  [hilt 
is, that every balanced threshold function on  iY + 1 variables 
equals f' Tur sume f .  To tlo so, we show that every balanced 
threshold function has the property that. for all r. f ( a : )  and 
f ( . F )  arc different. This will establish the rcsult. hccausc thcn. 
given any hnlarlced threshold function J o n  (0: 1]~"+~. j' will 
cqual t* whcrc t E T.?: is the function given by t(x) - f ( . T O ) .  
Now, suppose thnt f E T;vp1 is balanced and th;tt f - [ t i ! .  ( I ]  
(whcrc for n o  .r d o  wc have (oi. .r) - 0 ) .  Suppose. that, 
fo r  some .I: E {O. I}:\'-', f (2,) - f(>.F). Without los5 of 
generality. suppose f ( . r )  - 1 (a sinlilar argument applying 
if f ( . r ]  - U,, Thcn 

( , t i < #  .r) > 0 and { 7 i : #  1 - :>,) ;> 14 

That is, 

This  implies that 

N o i ~ .  suppose that I <  is arly elerrrerrt of {I), 1 }"-+' for which 
f ( 1 7 )  - 0. Thcn wc have (tu. r e )  <. II and so  

and hcnuc f ( ~ )  - I .  So, f ( 7 ' )  - 0 implies f ( ~ )  - 1. So. 
the r~umker o f  positive exarnple in {O, 1)!'.'+' ;!, {:K. 2:) is at 
least (?:'--I - ?) i l  (at leact half of them) and herice the total 
number nf positive exnitiples ic a t  least 2 + !'2~'+~ - 3)/ l  = 

+ I (when we include .r and 1:). Bul Ihi\ contradicls the 
fact that f' i s  balaliccd (which Incans thc numbcr of positivc 
exanlplcs is exactl! 2'"). The proor is now cun~plele. 

We implemer~ted a code that permit us to  obtain straight- 
forwardly all Boolean functions for up tu N=4 variables 
ivithuut the tieed of checking for linearly separability. We 
cl-rate connected pl-i~phs ul' length 2" 'I starting Troln  he 
null example. It can be easily shown that the total number 
or p p h s  with lcngth 2"- '  is ' thc doublc oC ~ h c  uncs that 
includes always the null example, and thus we  restrict our 
code to the construction of these graphs. All exatnples are 
ordered first according to their weight (number of ones) and 
for  eqilal weight according to their hinary(or equivalently 
any base representation) value. As said, starting frorn the 
null exarnple to which we  assign value 0, we  create all 
possible extetisions of the graph by addin:, a nearest tieighbor 

(an exalnple a( Hamming distilnce 1 ) .  From all the new 
length-? graphs. we consider the addition of a new example 
1'1-om all exi~mples rhal are neighhurs tu the ones belollging 
to thc graph hut with thc rcstriction that the ~ i c w  cxainplc 
have to bc in a higcr position in thc ordcr ranking to bc 
e l e ~ i h l e  for the erilnr~ement. This last requirement ensures 
that a vanic graph is not crcatcd twicc. At each stcp positivc 
unatcncss is chcckcd and the gr;~ph is cnlargcd only if 
positivc ilnatcncss is vcrificd until the Icngth of the graph is 
2 " - ' .  A function f : 0. 1'" + 0. 1 is said to he unnte if for 
cvcry b 1. . .. . n cxoctly one of thc following holds: whcncvcr 
the i-th bit is flipped froin 0 to 1 thcn the voluc of f docs 
r ~ o t  ciecreace (po~i t ive  unatenesc) ; or whenever the i-th bit 
is tlippcd from 1 to O the11 thc valuc of f docs not dccrcosc 
(negative unatene%s). l!nateness is in n sense 3 more general 
forrn of rnonotunicity. I t  is well kriowri that every threxhold 
furlctior~ is llnate hut there are some unate futictions that 
are not threshold. It is also worth mentioning thnt opposite 
cxiunplcs 10 thc oncs n1rc;uly in thc graph arc no1 cunsidsrcd 
iil-c possible cilndidatcs Tur rhc unlargcmcnl ns lherc al-c nu 
balanced Boolean functions for which opposite exarnples 
hiive (he same uurpul value (see the demonsrratiun or the 
theorem in y r e ~ i o u s  section). We irnplernented the code for 
AT = 2.3 .4  a r ~ d  5 variables and have keen able to obtain 
straightforwi~rdly all threshold filnctions in diincnsions 1.2. Y 
iind -1 rcspcctivcly. Wc arc curl-cn~ly imyl-oving thc cudc lu 
bc  iiblc to coniyutc highcr dimension cascs that rciluirc niorc 
computational and mclwry  Icsourccs. 

We analy7e the complexity of the LS function5 using a re- 
cently inttrsduced nreasure related trl the genefikli7atirsn ability 
rhal c;ln he expected when lhe funcriuns arc implemented 
nn a syctem capable nf making predictionc like Neural 
Netwol-ks, Ilecision TI-ers, Suppurl Vec~ur  Machines (SVM), 
etc. [t Ilas also been show11 that a significant correlation exists 
herween the value obtilined ul'the complexit! uT the funclions 
atid the number of conti:urations in the synaptic weight 
space nf neuml netwnrk implementing a given functinrl, 
giving furthcl. cunlirmiltioii uf the putailial uf lhc colnplcxity 
measure for predicting the generalization ability that can 
be obtnitied through the itnpletnentation of the functions. 
The cornplexity measure, named yrrwt-rr/i:rr/iot~ r .o tn/~lr~.r i~y  
cotisists of two terms that rneasure the nurnber of exarnples 
at Hamming distances I and 2 with uppusite uutputs([ l2] ,  
[ I  I ] .  The first term tneasures how sensitive the outpi~t  of the 
Tunction is in rcsponsc lo bit flippings and thc sccond ~ c m  
essentially measures how sytnrnetric is the function. 

We compare the distribution of the complexity of the LS 
functiorls with values obtained for all the exhaustive set uf 
functiorls for N - 4. It is expected that the cornplexity of the 
LS would he lower than for a general Boolean function as 
the LS functions can be irnplernented by n simple perceptron 
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[I 31. In Fig. 6 Ihe distribuliun of cumplexities of all the 
65536 Boolean furictior~s of 4 variables and for the 1887 
linear separable ones is plotted. A s  expected. the mean 
complcxity for thc LS functions is lowcr thiun thc mcan 
fur lhe whole set. O .  155 vx. 0.50. We hillre also conlputed 
the generalixation shility ohrained when thew rwo sets of 
functionr; were implemented in neural networks architectures 
and also as cxpcctcd from a sct with lower complexity, thc 
gcncralization ability was highcr for ~ h c  LS runctions. T h s  
Incan gcncrali~ation ab i l i~y  fur ~ h c  L.5 runctiuns was 0.598. 
while 0.5 was obtained for all the Roolean functions. The 
value of 0.5 for the whole sets of Boolea11 functions arir;e as 
o cunsctlucncc of a Ko-Prcc-Lunch l c n ~ m a  dc~nunstratcd in 

1121. 

Complexity 

Fig. h. Thr dislrihu~ion ril' cr)iuplt.xiritrs lor all and li)r I h t  lillear wparuhle 
I'ur~criuiis lur 22: = rilriahlch. T11c rucarl curuplcxiry ul thc lur~cliuris i!, 0.5 
i ~ r i d  0.455 lur ;dl Itlc I u r ~ u l i u ~ ~ r  illid I'or Ihc LS oiic:, r c ~ p ~ u l i ~ ~ l ~ .  

A new constl-uclive method for crealing all linear sepi~rable 
functions have been developed. One of the key poir~ts of 
the method is that permits to  obtain a11 threshold functions 
without needing to use a linear ~nininiization method to 
chcuk fur thcir Iinciu. scpiu.ability. Thu mcthud rcly on a 
theorem, that we pro\.ed, and liorne numerical evidence that 
showed that all Roolearl threshold functions can be created 
str:~ightforwardly. The procedure was checked up  to N = 5  and 
wc arc in thc proccss to conlputc higher di~ncnsiuns cascs to 
scc if cunsistcnt rcsults arc ubtaincd. 011 thc thcorclic;~l sidc, 
we are also investigating the relationship between balanced, 
threshold atid unnte functions to see if method can be 
supported by rigourously lnathetnaticnl results. If the initial 
rcsults i ~ r c  conlirmcd for highcr d i ~ n c n s i o n s  (or in gaiwal) 
the i~lgori th~n will permit to check ~ l l e  linear sepi~rability of 
functionr; on N variables in a relative eacy way by checking 
in dimension N+I their bnlancedness and unateness. 

Furthcrmorc, the curnplcxi~y of all the 1882 LS functions 

on h' = 1 vari;~ble\ was i lnaly~ed and conlpared lo the ~.est 
of the Boolean functiur~s wirh I variables using a recently 
introduced measure of complexity. The results obtained are 

consictent with what is expected for the LS functions as  their 
co~nplcxity is luwcr than of thc rcst of tllc functions but 
intcrcstingly not too luwcr as ~nigllt be cxpcc~cd. '['he c n -  
eralizaliun abilily ohlainrd frurn theil- implrmen1;rtion gives 
3 c n n f i r ~ ~ ~ a t i o ~ i  of what uras nhtnined ucing the complexity 
meacure, essentially indicating that even if the threshold 
functions can bc implunientcd by simplc pcrccptron thcir 
grneral i~at ion iihilitp when trained with one hidden lilyer 
architectures, that can i~nplemenr other functions. i s  not very 
large. 
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