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Serie de conferencias

Demostracion de la conjetura
 Lunes 16 de abril (10:30)

Flujo de Ricci-Hamilton
* Viernes 20 de abril (10:00)

. Solitones de Ricci y singularidades
 Lunes 23 de abril (10:30)

. Aportaciones de Perelman
 Viernes 27 de abril (10:00)




Demostracion de la conjetura

Geometria y curvatura riemanniana
Flujo de Riccli como ecua. derivadas parcial.
Otras ecuaciones de curvatura
Principio del maximo, existencia y unicidad
Pinzamiento de Hamilton-lvey



Geometria riemanniana

« Espacio euclideo: longitudes y angulos medidos
mediante un producto escalar

x-y=Zriyi=I1y1—|-1‘gyz-|-"'+1”n§n- x| = vx-x =

i=1

§ = cos™* (—x-y )
<]l | vl

« Un producto escalar general : B es matriz simétrica

n
u'Bu = E Biju'u’

ij=1

Definition 1.1. Let M be an n-dimensional manifold. A Riemannian metric g on
M is a smooth section of T* M @ T* M defining a positive definite symmetric hilinear

form on T,M for each p € M. In local coordinates (xl....  2™), one has a natural
local basis {0,--- ,dp} for TM, where d; = ==. The [netric tensor g = g;da’ @ da’

is represented by a smooth matrix-valued function

Gii = g{ 05,0 )

The pair (M, g) is a Riemannian manifold. We denote by (¢'7) the inverse of the
matrix (g;;).




Geometria riemanniana

Riemannian geometry / Manfredo do Carmo

2. Riemannian Metrics

2.1 DEFINITION. A Riemannian metric (or Riemannian structure)
on a differentiable manifold M is a correspondence which associates
to each point p of M an inner product ( , ), (that is, a symmetric,
bilinear, positive-definite form) on the tangent space T,M, which
varies differentiably in the following sense: If x:U ¢ R®* — M
is a system of coordinates a:round p, with X(:L'l,xn, ,:r.:n) = q €

x(U) and z2-(q) = dxq(0,.. .,0), then (32(q), 7= (@))q =
gij(z1,...,Tx) is a differentiable functmn on U.

curve c to a closed interval [a,b] C T volume vol(R) of R

1}2
fb(ﬂ) /b<dt dt WI(R) .-=./“1(mﬁdet(g,fj) dry...dx



Geometria riemanniana

2. Affine Connections

2.1 DEFINITION. An affine connection V on a differentiable man-
ifold M is a mapping

V: (M) x X(M) - X(M)

which is denoted by (X,Y) — VxY and which satisfies the follow-
ing properties :
i) Vf X+gY 7 = fv xZ +gVyZ. V : Vector Fields @g Vector Fields — Vector Fields

i) Vx(Y +2) =VxY + VxZ.
i) Vx(fY) = fVxY +X())Y, V(X 2Y)=Vx(Y)
in which X, Y, Z € (M) and f,g € D(M).

X= =X Xi=z, vectorﬁeld V along the differentiable curve c: I — M
vector ﬁe!d abng ¢, called the covariant derivative nf

S
Vx.Xj = 2 Ti X, V(t) = Y(c(t)), then BY =V ./a,Y.




Geometria riemanniana

3.2 PrROPOSITION. Let M be a Riemannian manifold. A connec-
tion V on M is compatible with a metric if and only if for any vector
fields V and W along the differentiable curve c: I — M we have

DwW

®  wwm=Ew w2,

tel

3.6 Theorem. (Levi-Civita). Given a Riemannian manifold M,
there exists a unique affine connection V on M satisfying the con-
ditions:

a) V is symmetric.

b) V is compatible with the Riemannian metric.

the functions I'}; defined on U by Vx, X; = ¥, ' Xk, the coeffi-
cients of the connection V on U or the Christoffel symbols of the
connection. From (9) it follows that

18 9 9




Curvatura riemanniana (Gauss
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Figure 1: 2D Curvature.

k= 1/R

Figure 2: Curvature in 3D

Figure 3: Curvature in 3D, top view

A normal curve is the intersection of a surface with a plane containing the normal n.

For a given direction d in the tangent plane there is a unique normal
intersecting the plane spanned by n and d with the plane.
The curvature of a normal curve is called sectional curvature.

curve, obtained by

The principal curvatures (K1, ke) are the maximal and minimal sectional curvatures.
The principal curvature directions are the directions in the tangent plane for which the
maximum and minimum are attained. These directions are perpendicular to each other.

Kk = Kycosia + KosinZa Gaussian curvature K

= Ki1k2



Curvatura riemanniana

2. Curvature

2.1 DEFINITION. The curvature R of a Riemannian manifold M
is a correspondence that associates to every pair X,Y € A(M) a
mapping R(X,Y): X(M) — X (M) given by

R(X,Y)Z=VyVxZ-VxVyZ+Vixy)Z, Z¢€X(M),

where V is the Riemannian connection of M.
Observe that if M = R™,then R(X,Y)Z =0forall XY, Z

R(X;, X;) Xk = E Rfjlnxi
£

o
R( 5z’ ij) ozn (Voy82;Vasoc; — Voyox, Va;azj)m

As frequently happens in mathematics, a “workable” formu-
lation of the concept of curvature required a long time for its de-
velopment. When such a formulation finally appeared it had the
advantage of being easy to use to prove theorems but it had the dis-
advantage of being so far removed from the initial intuitive concept




Curvatura riemanniana

Definition 1.5. The sectional curvature of a 2-plane P C T,M 1s defined as
K(P)=R(X,Y,X.Y),

where { X, Y} is an orthonormal basis of P. We say that (M, g) has positive sectional
curvature (resp., negative sectional curvature) if K(P) > 0 (resp., K(P) < 0) for
every 2-plane P. There are analogous notions of non-negative and non-positive
sectional curvature.

In local coordinates, suppose that X = X ‘9; and Y = Y'8;. Then we have
K(P) = RjjuX'YIX*Y",

A riemannian manifold is said to have constant sectional curvature it K(P) is the
same for all p € M and all two-planes P C T,M. One can show that a manifold

(M, g) has constant sectional curvature A if and only if
Rijr = MixG51 — Gaik)-

Of course, the sphere of radius r in R™ has constant sectional curvature 1/r?



Tensores de Curvatura

Levi-Civita connection 1‘JIi _1 g™ L?gﬂ 4 29 i€ c‘}_g %
2 ort Ozl Ox!
ork  ark
: a_ I Yl krp 1k P
Riemannian curvature tensor R é‘):r.'i e +1I'; Tﬁ I’ ”}fd
Rijti = gipRY. 0 e N e SRR e T A R
Bianchi identity Rijki + Rjkit + Rgiji = 0
Ricci tensor is the contraction Rir = "' Rijn
scalar curvature R=g“R,.
o ‘ 0q; ;
Ricci flow of Hamilton - L = 2R,
ot




Curvatura de Riemann

Tensor de curvatura de Ricci
Ric(X,Y) = Ric,(X,Y) = g"R(X,0,Y,0).
Ric = Ric;; dr' @ da’ Ricij = Ric(0;,04).

Escalar de curvatura
R = Rg — J[IHRH = gij RHU

R determina Ric y Riemann en n=2
Ric determina Riemann en n=3
Riemann es necesario solo en n>3



Programa de Hamilton-Yau

e Ecuacion del flujo de Ricci (el volumen decrece)
()j

—2 Ric
ot (9)
1
Ri; = _,)Aqu + lower order terms

(operador Laplace-Beltrami)

* Ecuacion del flujo de Ricci normalizado (volumen const.)

o) _ R



Ecuacion debilmente parabdlica

u = iz ; Lo . - . Lo
Bt = a;;0;0;u + b;0;u + cu parabolic 1f a;; 1s uniformly positive definite
L

ai;&i&; = NE)?

Consider the Laplace Beltrami operator

1 o i
A=—0:(v9979)) g7&:&; = [¢° > 0.
v Y

= ¢ 0;0; + lower order terms

nonlinear PDE  parabolic if the linearisation 15 parabolic

v . ,
P o : dv
'r._j-?l'. P(f) E — [DP(H')] t)



Analisis dimensional

I'=0(g~"dg)
Riem, Ric = O(g~19%g) + O(g—2(9¢)(9g))
R = 0(g728%g) + O(g~>(9g)(9g)).
Laplace-Beltrami operator A f = O(g71d%f) + O(g2(dg)(df)).

Ricci flow equation g = O(g~19%g) + O(g_g(ﬂg)(@g)}

where the lead term O(g~19%¢g) is not elliptic.

This is not a manifestly parabolic equation.

PERELMAN’'S PROOF OF THE POINCARE CONJECTURE: A
NONLINEAR PDE PERSPECTIVE

TERENCE TAOD



Solucion Flujo de Ricci

Einstein metrics
R?j(T. D) = /\QH(T, []}. TT - :Ur RLJ(T. f) — R?F ('I-._. UJ = )hy?F(T. U)
A >0 g.i;j(:znt) — pzif)yf.j(MJJ

A(p*(t)gi;(x,0))

5 = —2Ag;;(x,0)
Cop— p2(t) = 1 — 2)\t.
dt P

metric g;;(x,t) shrinks homothetically to a|point as ¢ — 7" = 1/2A

as t — T, the scalar curvature becomes infinite like 1/(7" — t).

e Solucion "explota" en tiempo finito (blow-up)

Y & s



Solucion Flujo de Ricci

Einstein metrics

Rij(z,0) = —Ag;(x,0) | Ve e M

A< 0 g-ij{m~ t) = PQ(f)Q«ig‘(i‘w 0)
dp A 9 -
— = —, t) =1+ 2\t.
i p=(t) =1+

metric g;;(x,t) exists and expands homothetically for all times,

and the curvature will fall back to zero like —1/¢

evolving metric g;;(x,t) only goes back in time to —1/2A,

the metric explodes out of a single point in a “big bang”.

e Solucion ha "explotado" en el "pasado”



Existencia-Unicidad de Solucion

THEOREM 1.2.2 (Hamilton [58], De Turck [43]). Let (M, g;i(x)) be a compact
Riemannzan manifold. Then there exists a constant T > 0 such that the nitial value
problem

%yij (x,t) = —2R;;(x.t)

gii(7,0) = gij(x)

has a unique smooth solution g;;(x,t) on M x [0,T).

Hamilton [16], uses the Nash-Moser iteration method to compensate for the lack of
smoothing present in the equation. The second approach, due to de Turck [14], is a
“gauge fixing” approach, taking advantage of the geometric nature of the Ricci flow,
which in practical terms creates the “gauge invariance” formed by diffeomorphisms
of the manifold (i.e. changes of coordinates).

3'_6;.';-’?:}'(--?'? ?LJ' = —QR”{I?L} -+ T?E} 4+ le,?

ke
: L
Vi = E-Hk.f}ﬁ(r;"g— 1),

* 'I 'l '|+ #
P L P A [ N



Evolucion de las Curvaturas

ProprosITION 1.3.1 (Hamilton [58]). Under the Ricci flow (1.1.5), the curvature

tensor satisfies the evolution equation

(l_-)
ﬁﬂm = ARkt + 2(Bijki — Bijik — Biijk + Bikiji)
_ .'-f-qu(Rijqu + R.i.pfc.Equ + R-ijpi Rq}; -+ R.a'jkp qu}

where Bijki = 9799 Rpiqi Rrkst and A s the Laplacian with respect to the evolving
metric.
Proof. Choose {z!...... r™ ! to be a normal coordinate system at a fixed point.
. : f .

At this point, we compute

On _ Lm0 (D 0 a o [0
—1 ., = —q — - — = — (],
or =29 o \at? ) T aa \ar¥m ) T aam \ 9t %!

=

1 : , -
— }Uhm (T’ { ZRhn} + T’l{ sz-m} - v?ﬂ-{_zﬂjl}}?

(_) J -‘f_) (_) J -‘f_) ) j

ot ot (Eh‘, ji) dad (UI‘. H) ' R AR R R

o c"') C}fjh;;. T m =/ 1 Lo & L.
Rijkl = ghe =R f_}; + — R?ﬂ ot

Favl



Evolucion de las Curvaturas

COROLLARY 1.3.2. The Ricci curvature satisfies the evolution equation

_th = AR?& T+ }U q Rp?,qf Rr s — }f:’;quaRqL

Proof.
3] ;0 J .
—Rip = ¢ =Rt + [ —g* ) Riji
gy ik = ¢ pY ijkl T <‘,)fﬂ ) ikl
= ¢’ [ARym + 2(Biji — Bijir — Bitjr. + Birj1)
R f-f;q{RpjktEqu T RipﬁcEqu T RijpEth T RijkquEJ]

) E
—g'" (a.‘?}’pq) 9% Rijki

T + o, pr
= AR +{2¢”" (Bijrt — 2Biju )|+ 297" 9% Rpigk Rrs
_ jgqukaqif




Evolucion de las Curvaturas

CoOROLLARY 1.3.3. The scalar curvature satisfies the evolution equation

OR
e — = AR + 2|Ric |°.
Proof.
oR . OR pdt‘,’pq ok
— = LR i E 1 Rl ]
ot ) o1 + ( g ot g k

— f}-i.;G{ARti T Qf-fp?‘.‘f}q‘gﬁpiqk R?‘S - QﬂPQ Rpé.RqL} -quRz 'ff?l 1
= AR + 2|Ric |

* Principio "débil" del maximo (ec. parabc’)lica)

PRrROPOSITION 2.1.2. If the scalar funm‘fm R of the a(}fuhms g”{ ),0 <t < T,
to the Ricer flow is nonnegative at t = 0, then it remains so on 0 < t < T
JdR

9% _ AR+ 2|Rc* > AR.
ot +2|Ref



Evolucion de las Curvaturas

* Principio del maximo

|
if Ryin (0) > 0, R, () >
n 1( ) Rﬁ”’”(O)_l B %r

Theorem 4. Let M be a 3-dimensional compact manifold
with a Riemannian metric of strictly positive Ricci curvature.

Then M has a Riemannian metric of constant strictly positive
sectional curvature.

Remark 5. By a classical result, M is then isometric to a
finite quotient of the round S°. One says that M is a spherical
manifold. If M is simply connected, M is diffeomorphic to S°.
This is the first step on the way to the Poincaré conjecture.



Pinzamiento de Hamilton-lvey

2.4. Hamilton-Ivey Curvature Pinching Estimate. The Hamilton-Ivey
curvature pinching estimate roughly says that if a solution to the Ricci flow on a
three-manifold becomes singular (i.e., the curvature goes to infinity) as time ¢ ap-
proaches the maximal time T, then the most negative sectional curvature will be
small compared to the most positive sectional curvature.

Hamilton-Ivey pinching estimate THEOREM 2.4.1 (Hamilton [63], Ivey [73]).

et

Assume at t = 0 the eigenvalues A > p > v > —1.

R > (—v)[log(—v) — 3], whenever v < 0.

o Autovalores del tensor de Riccl
ODE corresponding to PDE

eigenvalues A\ > 1 > v

(LN =22 4w,
A |
T d,— 42+ )\ f—g{/\—kga—kuj >0
7 | =T G -
m i ;) — 12 _|_ ).k
The scalar curvature R = A+ p+v (@ T e



Pinzamiento de Hamilton-lvey

perhaps infinitely long!

Ric(ey,e1) = Kojpey + Koy pey = very positive
R-ic(ffﬂ- (JE) - IX’EE:"—"\EJ_ —l_ Jﬁ:eg;"‘-._ga = “‘L-"EI‘}-’ pOHiti‘;e

Ric(es,e3) = Keyne, + Keyne, = slightly negative

To control |Rm| in dimension 3, it suffices to bound
R from above. le., if R < C, then |[Rm| < C.
(Since R < C' implies |v| < C which implies |Rm| <
C.)



Zoom de las soluciones

 Reescalado parabélico del flujo de Ricci
h(t) = A2g(A72%¢)

More precisely, let g(f) be a Ricci ﬁou, onM x[0,T), xo € M,
to € [0,T) such that R(x,1) < Qy = R(xp,tp) for all x € M and
t < fy. Then

go(r) = Qog (F‘() + Qo)
is a Ricci flow on [—10Qq, (T —19)Qp) and Ry(x,7) < 1 for any
x&€M and 1 <0. This is called a pnrﬂbolic rescaling of g(f)

(xy,0) - _\\ /’ (T te) \ _.-Efj “\..__T___._ :___;fll M,
/ \ / l ------ \ : { |.| f. / \ \"‘.,?T__M,."'f

-

\ .
E \ n IJ( e
R{x;,0)=1"__ .- Rix, 0)=1 = \* |u. | |
| __'I,‘:__ o .'?I' _____f.':?\\- ::«\' ':lll'| ;."I"| III \\ ,u"llll II|
:. II| :'.-'| I'.‘ .'l ] II| I| 1 II| I / \ fl‘,_._;_ = J'.I
e - I e -\\__‘_/ \ / \
— Lo
sequence of parabolic rescalings ‘\\

Mo




